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A real-time neural network model. called the vector-integration-to-endpoint(VITE) model is developed and used to simulatequantitatively behavioraland neural data about planned and passivearm
movements.Invariants of arm movementsemergethrough network interactionsrather than through
an explicitly precomputedtrajectory. Motor planning occurs in the form of a targei position command (TPC). which specifies"'here the arm intendsto move.and an independentlycontrolled GO
command. ,,'hich specifiesthe movement'soverallspeed.Automatic processes
convert this information into an arm trajectory with invariant properties.Theseautomatic processesinclude computation of a presentposition command (PPC)and a differencevector(DV). The DV is the difference
bet\\'eenthe PPC and the TPC at any time. The PPC is gradually updated by integrating the DV
through time. The GO signal multiplies the DV beforeit is integratedby thePPC.The PPCgenerates
an outflow movement command to its target musclegroups. Opponent interactions regulate the
PPCs to agonist and antagonist musclegroups. This system generatessynchronous movements
across synergeticmusclesby automatically compensatingfor the different total contractions that
eachmusclegroup must undergo. Quantitative simulationsare providedof\\'oodworth.s law. of the
speed-accuracytrade-offknown as Fitts'slaw. of isotonic arm-movementpropertiesbelore and after
deafferentation.of synchronousand compensatory"central-error-correction' propertiesof isometric contractions. of velocity amplification during targetsy,'itching.of velocity profile invarianceand
asymmetry. of the changesin velocity profile asymmetry at higher movementspeeds.of the automatic compensation for staggeredonset times of synergeticqluscles. of vector cell properties in
precentral motor cortex..of the inverserelation betweenmovementduration and peak velocity. and
of peak accelerationas a function of movementamplitude andduration. It is shown thatTPC. PPC.
and DV computations are neededto actively modulate. or gate. the learning of associativemaps
betweenTPCs of different modalities. such as bet"een the eye-head system and the hand-arm
system. By usingsuch an associativemap. looking at an objel.'tcan activatea TPC of the hand-arm
system.as Piagetnoted. Then a VITE circuit can translate this TPC into an invariant movement
trajectory. An auxiliary circuit. called the P:lSsiveUpdate of Position (PUP) model is describedfor
using inflow signals to update the PPC during passivearm movementso\\.ing to external forces.
Other usesof outflow and inflow signalsare alsonoted. suchas for adaptivelinearization of a nonlinear muscleplant. and sequentialreadoutofTPCs during a serialplan. as in reachingand grasping.
Comparisonsare made with other modelsof motor control. suchas the mass-springand minimumjerk models.

skeleto-motorunits that contribute to any act's planning and
execution. Moreover. recent studies of the kinematics of
planned arm movements(Abend. Bizzi. & Morasso. 1982: Atkeson& Hollerbach. 1985: Howarth & Beggs.1981)haveshown
that theintegrative action of all theseseparatecontributors producesvelocityprofiles whoseglobal shapeis remarkably invariant overa wide rangeof movementsizesand speeds.This raises
a fundamental question for the theory of sensorimotorcontrol
and for the neurosciencesin general: How can the integrated
activity of thousandsof separateelementsproduce globally invariant properties?
Two broad speciesofans"'ers to this question canbe contemplated. The first includes theories that posit th~ existenceof a
high-level stage involving explicit computation and internal
representationof the invariant. in this casethe velocity profile.
as a whole. This representationis then usedas a basisfor per-

The subjectiveeasewith which we carry out simple action
plans-rotating a wristwatch into view. lifting a coffeecup. or
making a downstroke while writing-masks the enormously
complex integrativeapparatusneededto achieveand maintain
coordination among the thousands of sensors.neurons. and

This researchwassupportedin part by :'iational ScienceFoundation
Grant IST-84-17756and by Air Force Office of Scientific Research
Grants 85-0149and F49620-86-C-OO37.
We wish to thank Carol Yanakakisand Cynthia Suchtafor their valuableassistancein the preparation of the article and illustrations.
Correspondenceconcerningthis article shouldbe addressedto Danicl Bullock. Centerfor AdaptiveSystems.Department of Mathematics.
Boston University. III Cummington Street. Second Floor. Boston.
~1assachusetts
02:'15.

.!q

50

DANIEL BULLOCK AND STEPHEN GROSSBERG

forming the desiredaction. Suchtheorieshave beenfavoredrecently by many \vorkersin the field of robotics. and at leastone
theory of this type has already beenpartially formulated to accommodate kinematic data on human movements:the minimi=ed Cartesian jerk tileor.,' (Rash & Hogan, 1985: Hogan.
1984). \vhich is a specialcase of global optimization analysis,
The secondspeciesof answersincludes theories in which no
need arises for explicit computation and representationof the
invariant trajectory as a whole (Sections6 and 15), In models
associatedwith such theories,a trajectory with globally invariant properties emergesin real time as the result of eventsdistributed acrossmany interacting sensory,neural, and muscular

loci.
In this article we describea theory of arm trajectory invariants that conforms to the latter ideal (Bullock & Grossberg,
1986),Our analysissuggeststhat trajectory invariants are best
understood not by focusingon velocity profiles as such. but by
pursuing more fundamental questions: What principles of
adaptive behavioral organization constrain the system design
that governsplanned arm movements?What mechanismsare
neededto realizetheseprinciples asa real-time neural network?
Our developmentof this topic proceedsvia analysesof learned
eye-hand coordination. synchronizationamong synergists,intermediate position control during movement.and variable velocity control. Theseanalysesdisclosea neural network design
\\hose qualitative and quantitative operating characteristics
match thoseobservedin a wide rangeof experimentson human
movement. Because velocity profile invariance. as ",'ell as
speed-dependent
changesin velocity profile asymmetryignored
by prior models (Section II), are among the neural network's
emergentoperatingcharacteristics,our work showsthat neither
an explicit trajectory nor a kinematic invariant need be explicitly represented within a motor-control system at any time,
Thus our work supportsa critical insight of workersin the massspring modeling tradition that movementkinematics need not
be explicitly preprogrammed. By the same token, our results
reject a mass-springmodel in its customary form and argue
againstmodels basedon optimization theory. Instead we show
ho\\'a movement-controlsystemmay beadaptive without necessarilyoptimizing an explicit cost function.
To supporttheseconclusionsfurther. we usethe neural model
to simulate quantitatively Woodworth's law and Fitts's law,the
empirically derived speed-accuracytrade-off function relating
error magnitudes. movementdistances.and movementdurations: isotonic arm-movement properties before and after
deafferentation(Bizzi. Accornero. Chapple, & Hogan. 1982,
1984: Evarts & Fromm, 1978: Polit & Bizzi. 1978): synchronous and compensatorycentral-error-correctionproperties of
isometric contractions (Freund & Biidingen, 1978: Ghez & Vicario. 1978: Gordon & Ghez. 1984, 1987a, 1987b): velocity
amplification during targetswitching (Georgopoulos,Kalaska,
& Massey. 1981): velocity profile invariance and asymmetry
(Abend et ai.. 1982: Atkeson & Hollerbach, 1985: Beggs&
Howarth. 197~: Georgopoulos et ai.. 1981: Morasso, 1981:
Soechting& Lacquaniti, 1981):the changesin velocity profile
asymmetry at higher movement speeds (Beggs & Howarth,
1972:Zelaznik. Schmidt, & Gielen, 1986): vector cell properties in precentral motor cortex (Evarts & Tanji. 1974: Georgo-

poulos. Kalaska.Caminiti. & Massey.1982:Georgopoulos.Kalaska.Crutcher.Caminiti. & Massey.1984:Kalaska. Caminiti.
& Georgopoulos,1983: Tanji & Evarts, 1976):the inverse relation betweenmovementduration and peak velocity (Lestienne.
1979);and peak accelerationasa function of movementamplitude and time (Bizzi et at.. 1984).In addition, the work reported
hereextendsa broaderprogram of researchon adaptive sensorimotor control (Grossberg, 1978, 1986, 1987b. 1987c: Grossberg & Kuperstein, 1986),which enablesfunctional and mechanistic comparisons to be made betweenthe neural systems
governingarm and eye movements.suggestshoweye-hand coordination is accomplished.and providesa foundation for work
on mechanismsof trajectory realization that compensate for
the mechanicaleffectsgeneratedby variable loads and movement velocities(Bullock & Grossberg.1987).

I. Rexible Organization of Muscle Groups
Into Synergies
To move a part of the body. whether an eye. head. arm. or
leg, many muscles must work together. For example. muscles
controlling severaldifferent joints-shoulder. elbow,wrist. and
fingers-may contract or relax cooperatively to perform a
reachingmovement. When groups of musclescooperatein this
way, they are said to form a s.\'nergy(Bernstein. 1967: Kelso.
1982).
Muscle groups may be incorporated into synergiesin a flexible and dynamic fashion. Whereasmusclescontrolling shoulder.elbow.wrist. and fingersmay all contract or relax synergetically to produce a reaching movement. muscles of the fingers
and wrist may form a synergyto perform a graspingmovement.
Thus one synergymayactivateshoulder.elbow.~iist. and finger
musclesto reach toward an object. and another synergy may
then activate only finger and wrist musclesto grasp the object
while maintaining postural control overthe shoulderand elbow
muscles.Groups of fingers may move togethersynergeticallyto
playa chord on the piano. or separatefingers may be successivelyactivatedto play arpeggios.
One of the basic problems of motor control is to understand
how neural control structures quickly and flexibly reorganize
the set of musclegroups neededto cooperate synergeticallyin
the next movementsequence.Once one squarelyfacesthe problem that many behaviorally important synergiesare not hardwired, but are dynamically coupled and decoupled through
time in waysthat dependon the actor'sexperienceand training,
the prospectthat the trajectories of all synergistsare explicitly
preplannedseemsremote at best. In support of a dynamic conception of synergyformation. Buchanan.Almdale. Lewis. and
Rymer (1986) concluded from their experimentson isometric
contractions of human elbowmusclesthat "the complexity of
these patterns raises the possibility that synergiesare determined by the tasksand mayhaveno independentexistence"(p.
1225).

2. SynchronousMovement of Synergies
When neural commandsorganizea group of musclesinto a
synergy.the action of thesemusclesoften occurs synchronously
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Fig/I'" I. Consequencesoft~.o motor-control schemes.(Dashed lines
representmovementpathsgenerated~.hena synergistproducing verti.:al motion and a synergistproducing horizontal motion contract in parallel and at equal rates to effect movements!rom \arious bt:ginning
points [8s) to the common endpoint E. Solid lines representmovement
paths generated~hen the synergists'contraction rates are adjusted 10
compensatefor differencesin the lengthsof the vertical and horizontal
componentsof the movement.)

through time, It is partly for this reasonthat the complexity of
the neural commandscontrolling many movementsoften goes
unnoticed. Thesemovementsseemto occur in a singlegesture.
rather than asthe sum of manyasynchronouscomponents,
To understand the type of control problem that must be
sol\'ed to generatesynchronous movement. considera typical
arm movementof reaching fof\vard and acrossthe body midline ,,'ith the right hand in a plane parallel to the ground, Suppose. lor simplicity. that the synergistacting at the shoulderis
responsiblefor across-midlinemotion. that the synergistacting
at the elbow is responsiblefor torward motion. and that the
hand is to be moved from Points 8 I. 82. or 83 to Point E. Figure 1illustrates the effectsof two distinct control schemesthat
might be used to produce thesethree movements.In the first
scheme.the two synergists begin their contractions synchronously. contract at the same rate. and ceasecontracting when
their respectivemotion component is complete. This typically
results in asynchronouscontraction terminations and in bentline movementsbecausethe synergistresponsiblefor the longer
motion component takes more time to complete its contribution. With this scheme. approximately straight-line motions
and synchronouscontraction terminations occur only in cases
like the 82-E movement. for which the component motions
happen to be of equal length, In the secondscheme.the two
synergistscontract. not at equal rates. but at rates that have
beenadjustedto compensatefor anydifferencesin lengthof the
component motions. This results in synchronous contraction
terminations. ;-Jormal arm-movement paths are similar to
those implied by the second control scheme(e.g.. Morasso.
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1981). and experimental studies (Freund & Budingen. 1978)
have shown that contraction rates are made unequal in a ~-ay
that compensatesfor inequalities of distance.
What types of adaptive problems are solved by synchronization of synergists?
Figure I providessome insight into this issue.
.Without synchronization. the direction of the first part of the
movement path may change abruptly severaltimes before the
direction of the last part of the movement path is generated
(Figure I). This createsa problem becausetransporting an object from one placeto another with the arm maydestabilizethe
body unlessone can predict. and anticipatorily compensatefor.
the arm movement'sdestabilizing effects,which are alwaysdirectional. In the sameway. many actions require that forces be
applied to surfaces in particular directions. The first control
schememakesthe direction in ~'hich force is applied difficult
to predict and control. Both of theseproblems are eliminated
by the approximately straight-line movement paths that become possiblewhensynergistscontract synchronously.Finally.
if the various motions composinga movementfailed to end synchronously. it would becomedifficult to ensure smooth transitions betweensequentiallyordered movements.
In summary.the untoward effectsof asynchronyplacestrong
constraints on the mechanisms of movement control: Across
the set of muscleswhosesynergistic action produces a multijoint movement.contraction durations must be roughly equal.
and becausecontraction distancesare typically unequal. contraction rates must bemade unequal in a way that compensates
for inequalities of distance.
3. Factoring Target Position and Velocity Control
Inequalities of distanceare translatedinto neural commands
asdifferencesin the total amounts of contraction by the muscles
forming the synergyand. thereby.into mechanicalterms asthe
total amounts of change in the anglesbetweenjoints (Hollerbach. Moore. & Atkeson. 1986).To compensatefor differences
in contraction. information must be available that is sufficient
to compute the total amounts of contraction that are required.
Thus a representationof the initial contraction level of each
muscle must be compared with a representationof the target.
expected.or final contraction level of the muscle. A primary
goal of this article is to specify howthis comparison is made.
Although information about target position and initial position
are both neededto control the total contraction of a muscle
group. thesetwo t~-pesof information are computed and updated in different ways.a fact that we believehascaused much
confusionabout whetheronly targetposition needsto becoded
(Section 6). In particular. y,'e reject the common assumption
(Adams. 1971) that the representation of initial contraction
used in the comparisonis basedon afferent feedbackfrom the
limbs. Weproposeinsteadthat it isbasedprimarily on feedback
from anoutflow-commandintegratorlocatedalongthe pathwa~'
betweenthe precentral motor cortex and the spinal motorneurons.
Another source of confusion has arisenbecausetarget-position information is neededto form a trajectory. This is the type
of information that invites conceptsof motor planning and expectation. Howevertempting it may be to so infer. conceDtsof
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motor planning and expectationdo not imply that the whole
trajectory is explicitly planned.
A secondaspectof planning entersinto trajectory formation
that alsodoesnot imply the existenceof explicit trajectory planning. This aspectis noticed by considering that the hand-arm
systemcan be moved betweenfixed initial and target positions
at many different velocities.When. as a result of a changedvelocity. the overall movementduration changes.the component
motions occurring around the variousjoints must nonetheless
remain synchronous. Becausefixed differences in initial and
targetpositions can be converted into synchronousmotions at
a wide range of velocities, there must exist an independently
controlled velocity. or GO signal(Section 10).The independent
control of target-positioncommands(TPCs)and velocity commands(GO signals)is a specialcaseof a generalneural design
that has been called the .factori=ation Qf pattern and energ),
(Grossberg.1978. 1982).
4. Synchrony Versus Fitts's Law: The Need for a Neural
Analysis of Synergy Formation
Our discussionof synchronousperformance of synergieshas
thus far emphasizedthat different musclesof the hand-arm system may need to contract by different amounts in equal time
in order to move a hand through a fixed distance. When movement of a hand over different distancesis considered.a striking
Contrast between behavioral and neural properties of movement becomesevident. This difference emphasizesthat synergiesare assembledand disassembledthrough time in a flexible
and dynamic way.
Fitts's law (Fitts. 1954: Fitts & Peterson. 1964)states that
movementtime ("\IT) of the arm is related to distance moved
(D) and to width of target(Ul by the equation

ioral and neural constraints. This issue can be better understood by considering the following gedankenexample. When
each of two fingersis moved separatelythrough different distances. each finger may separatelyobey Fitts's law. Then the
finger that movesa longerdistance should take more time to
move.other thingsbeingequal. In contrast, whenthe two fingers
move the aforementioneddistancesas part of a single synergy,
then eachfingershouldcompleteits movementin the sametime
in order to guaranteesynergeticsynchrony.Thus either one of
the fingers must violate Fitts's law, or it must reach its target
with a different level of accuracy. Kelso, Southard. and Goodman (1979)and Marteniuk and MacKenzie (1980)haveexperimentally studied this type of synchronous behavior in experiments on one- or two-handedmovementsand havedocumented
within-synergyviolations of Fitts's law.
Suchexamplessuggestthat Fitts's lawholds for the aggregate
behavior of the largestcollection of motor units that form a
synergyduring a giventime interval. Fitts's law need not hold
for all subsetsof the motor units that composea synergy.These
subsetsmay, in principle, violate Fitts's law by traveling variable distancesin equaltime to achievesynchrony of the aggregate movement. To understand how Fitts's law can be reconciled with movementsynchronythus requires an analysisof the
neural control mechanismsthat flexibly bind muscle groups.
such as those controlling different fingers. into a single motor
synergy.If sucha binding action does not involve explicit planning of a complete trajector)'. yet does require activation of a
target position commandand a GO command. then neural machinery must exist that is capable of automatically converting
such commands into complete trajectories with synchronous
and invariant properties.One of the primary tasksof this article
is to describethe circuit designof this neural machinery and to
explain how it works.

5. SomeGeneralIssuesin SensorimotorPlanning:
Multiple Usesof Outflow VersusInflow Signals
where a and b are empirically derived constants.Keele ( 1981)
has revieweda variety of experimentsshowing that Fitts's law
is remarkably ""ell obeyeddespite its simplicity. For example.
the law describes movement time for linear arm movements
(Fitts. 1954).rotary movementsof the wrist (Knight & Dagnall.
( 1967). back-and.forth movementslike dart throwing (Kerr &
Langolf. 1977). head movements(Jagacinski& Monk. 1985).
movements of young and old people (Welford. Norris. &
Schock. 1969). and movementsof monkeysas well as humans
(Brooks. 1979).
Equation 1assertsthat movementtime (111IT)
increasesasthe
logarithm of distancemoved (D), otherthings being equal. The
width parameter(W) in Equation I is interpreted asa measure
of movementaccuracy (Section27). Although movementdistanceand time maycovaryon the behaviorallevelthat describes
the aggregateeffect of many musclecontractions. such a relation doesnot necessarilyhold on the neurallevel.where individual musclesmay contract by variable amounts. or distances.to
achievesynchronous contraction within a constant movement
time.
A fundamental issueis raised by this comparison of behav-

Before beginning a mechanisticanalysisof thesecircuits. we
summarize severalgeneralissuesabout motor planning to place
the modeldevelopedin this article within a broaderconceptual
framework. In Sections7 through 12and 16 through 18. a number of key experimentsare reviewedto constrain more sharply
the theoretical analysis. In Sections11 through 18, computer
simulations of thesedata propertiesare reported.
Neural circuitry automatesthe production of skilled movements in several mechanistically distinct ways. Perhaps the
most generalobservationis that animals and humans perform
marvelouslydexterousacts in a world governed by Newton's
laws, yet they can go through life without ever learning Newton's lawsand. indeed. mayhavea great dealof difficulty learning them when they try. The phenomenalworld of movements
is a world governedby motor plans and intentions. rather than
by kinematic and inertial laws. A major challengeto theoriesof
biological movementcontrol is to explain howpeople move so
well within a world whoselaws they mayso poorly understand.
The computation of a hand's or arm's presentposition illustratesthe complexity of this problem. Two generaltypesofpresent-positionsignalshavebeenidentified in discussionsof motor
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Fi,!(lIre -" Both outflow and inflow signals contribute to the brains estimate of the limb's present position. but in different ways.

control: o"~floll' signals and ilif/oll'signals. Figure 2 schematizes
the difference between these signal sources. An outflow signal
carries a movement command from the brain to a muscle (Figure 2a). Signals that branch off from the efferent brain-tomuscle pathway to register present-position signals are called
C/lrll//ar.I' di.~char.~es (von Helmholtz. 1866: yon Holst &
\1ittelstaedt. 1950). An inflow signal carries present-position
information from a muscle to the brain (Figure 2b). A primary
difference between outflow and inflow is that a change in out-
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flow signalsis triggered only when an observer'sbrain generates
a new movementcommand. A new inflow signal can. in contrast. be generatedby passivemovementsof the limb. Evidence
for influences of both outflow (Helmholtz, 1866) and inflow
(Ruffini. 1898: Sherrington. 1894) has accumulated over the
pastcentury. Disentanglingthe different roles played by outflow
and inflow signalshas remained one of the major problems in
motor control. This is a confusing issuebecauseboth outflow
and inflow signalsare usedin multiple waysto provide different
types of information about present position. The following
summary itemizes some of the ways in which thesesignalsare
usedin our theory.
Although one role of an outflow signal is to move a limb by
contracting its target muscles.the operating characteristics of
the muscle plant are not known a priori to the outflow source,
It is therefore not known a priori how much the muscle will
actually contract in responseto an outflow signalof prescribed
size. It is also not known how much the limb will move in responseto a prescribed musclecontraction. In addition. even if
the outflow systemsomehowpossessed
this information at one
time. it might turn out to be the wrong information at a later
time. inasmuch as muscle plant characteristics can change
through time becauseof development.aging. exercise.changes
in blood supply. or minor tears. Thus the relation betweenthe
size of an outflow movementcommand and the amount ofmuscle contraction is. in principle. undeterminable without additional information that characterizesthe muscle plant's actual
responseto outflow signals.
To establisha satisfactorycorrespondencebetween outflow
movementsignals and actual muscle contractions. the motor
systemneedsto compute reliable present-positionsignals that
representwherethe outflow command tells the muscleto move.
as well as reliable present-positionsignals that representthe
state of contraction of the muscle.Corollary dischargesand inflow signals can provide these different types of information.
Grossbergand Kuperstein ( 1986)have shown how a comparison. or match. betweencorollary dischargesand inflow signals
can be usedto modify. through an automatic learning process.
the total outflow signal to the muscle in a way that effectively
compensatesfor changesin the muscle plant. Such automatic
gain control producesa linear correspondencebetweenan outflow movementcommand and the amount of muscle contraction even if the muscle plant is nonlinear. The process that
matchesoutflowand inflow signalsto linearize the muscle plant
responsethrough learning is calledadaptivelineari=ation of the
muscleplant. The cerebellumis implicated by both the theoretically derived circuit and experimental e,'idenceas the site of
learning (Albus. 1971: Brindley. 1964: Fujita. 1982a. 1982b:
Grossberg.1969. 1972:Ito. 1974. 1982. 1984: Marr, 1969:McCormick & Thompson. 1984:Optican & Robinson. 1980: Ron
& Robinson. 1973: Villis & Hore. 1986: Vilis. Snow. & Hore.
1983).
Given that corollary dischargesare matched with inflow signals to linearize the relation betweenmuscle plant contraction
and outflow signal size. outflow signals can also be used in yet
other ways to provide information about presentposition. In
Sections 16 through 22. we show how outflow signals are
matched with target-position signals to generatea trajectory
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\,.ith synchronousand invariant properties. Thus outflow signals are used in at leastthree ways. and all of theseways are
automatically registered:They send movementsignalsto target
muscles: they generatecorollary dischargesthat are matched
with inflow signalsto guaranteelinear musclecontractions even
if the muscleplant is nonlinear: and theygeneratecorollary dischargesthat are matched with target-positionsignalsto generate synchronoustrajectories with invariant properties.
Inflow signalsare also used in severalways.One way has already beenitemized. A seconduse of inflow signalsis suggested
by the following gedankenexample. When you are sitting in
an armchair. let your hands drop passivelytoward your sides.
Dependingon a multitude of accidentalfactors. your handsand
arms canend up in any of infinitely many final positions. If you
are then called on to make a precisemovementwith your armhand system.this can bedone with the usualexquisiteaccuracy.
Thus the fact that your hands and arms start this movement
from an initial position that was not reachedunderactive control by an outflow signal does not impair the accuracy of the
movement.
A wealth of evidencesuggests.however.that comparison bet\veentarget-positionand present-positioninformation is used
to movethe arms. Moreover.as will be shownlater.this presentposition information is computed from outflow signals.In contrast. during the passivefall of an arm under the influence of
gravity.changesin outflow signalcommandsare not responsible
for the changesin position of the limb. This observationidentifiesthe key issue: How is the outflow signal updated becauseof
passivemovementof a limb so that the next active movement
can accurately be made? Inasmuch as the final position of a
passivelyfalling limb cannot be predicted in advance.it is clear
that inflow signals must be used to update present position
when an arm is moved passivelyby an externalforce.
This conclusioncalls attention to a closelyrelated issue that
must be dealt with to understand the neural basesof skilled
movement: How does the motor system know that the arm is
being moved passivelybecauseof an externalforce. and not actively becauseof a changing outflow command?Sucha distinction is neededto prevent inflow information from contaminating outflow commands when the arm is being actively moved.
The motor systemmustuseinternally generatedsignalsto make
the distinction betweenactive movement and passive movement. or postural. conditions. Computational gates must be
openand shut on the basisof whethertheseinternally generated
signalsare on or off(Grossberg & Kuperstein. 1986).
A third role for inflow signals is neededbecausearms can
move at variable velocities while carrying variable loads. Becausean arm isa mechanicalsystemembeddedin a NeWtonian
world. an arm cangenerateunexpectedamounts of inertia and
accelerationwhen it tries to move novelloadsat novelvelocities.
During such a novel motion. the commandedoutflow position
of the arm and its actual position may significantly diverge.Inflow signalsare neededto compute mismatchesleading to partial compensation for this uncontrolled component of the
movement.
Such novel movementsdiffer from our movementswhen we
pick up a familiar fountain pen or briefcase. When the object
is familiar. we can predictively adjust the gain of the movement

to compensatefor the e.xpectedmassof the object. This type of
automatic gain control can. moreover,be flexibly switched on
and off using signal pathways that can be activated by visual
recognition of a familiar object. Inflow signalsare used in the
learning process,enabling such automatic gain-control signals
to beactivated in an anticipatory fashion in responseto familiar
objects (Bullock & Grossberg.1987).
This listing of multiple usesfor outflow and inflow signals
invites comparison between how the arm movement system
and other movement systemsuse outflow and inflow signals.
Grossbergand Kuperstein (1986)haveidentified and suggested
neural circuit solutions to analogousproblems ofsensorimotor
control within the specializeddomain of the saccadiceye-movement system. Severalof the problems to which we will suggest
circuit solutions in our articles on arm movementshaveanalogs
with the saccadic circuits developedby Grossbergand Kuperstein( 1986).Togethertheseinvestigationssuggestthat several
movement systems contain neural circuits that solve similar
general problems. Differences between these circuits can be
traced to functional specializationsin the waythese movement
systemssolve their shared movementproblems.
Forexample.whereassaccadesare ballistic movements.arm
movements can be made under both continuous and ballistic
control. Whereasthe eyesnormally come to rest in a head-centered position. the arms can come to rest in any of infinitely
many positions. Whereasthe eyesare typically not subjectedto
unexpected or variable external loads. the arms are routinely
subjectedto such loads. Whereasthe eyes typically generatea
stereotyped velocity profile betweena fixed pair of initial and
targetpositions. the arms can move with a continuum ofvelocity profiles betweena fixed pair of initial and target positions.
Our analysesshow how the arm systemis specializedto cope
with all of thesedifferencesbetweenits behaviorsand those of
the saccadiceye-movementsystem.

6. Neural Control of Arm-Position Changes:Beyond
the Spring-to-Endpoint Model
A number of further specializedconstraints on the mechanisms controlling planned arm movementscan be clarified by
summarizing shortcomingsof the simplestexample of a .'massspring" model of movementgeneration,which we will call the
spring-to-endpoint (STE) model, to distinguish it from other
membersof the potentially large family of models that exploit
mass-springproperties of biological limbs (e.g., Bizzi, 1980:
Cooke. 1980:Feldman. 1974. 1986: Humphrey & Reed. 1983:
Kelso & Holt, 1980:Sakitt, 1980).As Nichols (1985)and Feldman ( 1986)haverecentlynoted, pastdiscussionsof mass-spring
propertieshave mistakenlylumped togetherquite different proposalsregarding how much properties might be exploited during trajectory formation. Our treatment in this sectionis meant
to servea pedagogicalfunction, and our criticisms pertain only
to the STE model explicitly specified in this section. In particular, no part of our critique deniesthat the peripheral motor system has mass-springproperties that may be critical to overall
motor function. Indeed. in Bullock and Grossberg(1987), we
analyzed neural command circuits that exploit mass-spring
musclepropertiesto generatewell-controlled movements.
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The componentsof the STE modelfor movementcontrol can
be summarized as lollows. Imagine that the eye fixates some
object that lieswithin reach.To touch the object. it is necessary
to move the tip of the index finger from its current position to
the target position on the object's nearestsurface. The STE
mode! suggeststhat this isaccomplishedby simply repl.acingthe
arm-position command that specifiesthe arm's presentposture
with a new arm-position command that specifiesthe posture
the arm would haveto assumefor the index finger to touch the
chosenobjectsurface.
Instatementof the new arm-position command is suggested
to generatethe desiredmovementas follows. The arm is held in
any position by balancing the muscularand other forces(e.g..
gra,'ity) currently acting on the limb. Instatementofa newcommand changesthe pattern of outflow signals that contract the
arm muscles.A stepchangein the pattern of contraction creates
a lorce imbalance that causesthe limb to spring in the direction
of the largerforce at a rate proportional to the force difference.
The limb comesto rest when all the forcesacting on it are once
again balanced. Despite its elegance.the STE model exhibits
severaldeficienciesthat highlight properties that an adequate
control systemneedsto have.We briefly summarizetwo fundamentalproblems: (a)confounding of speedanddistancecontrol
and (b) inability to terminate quickly movementat an intermediate position.
The first problem. the speed-distance confound. follows
from the dependenceof movementrate on the force difference.
which in turn dependson the distance betweenthe starting and
final positions. At first this might seemto be a desirable property. becauseit appearsto compensatefor different distances
in the manner neededto ensure synchronization of synergists
(Section2). However.consideralso the need to vary the speed
of a fixed movement. An actor seeking to perform the same
movement at a laster speedwould have to follow a two-part
movementplan: Early in the movement.instatea virtual target
position that is well beyond the desired endpoint and along a
line drawn from the initial through the true targetposition. This
command will create a very large initial force imbalance and
launch the limb at a high speed.Then. at some point during the
movement.instatethe true target-positioncommandand let the
arm coast to the final position. This example illustrates that
the STE mode! requires a complex and neurally implausible
schemelor achieving variable speedcontro! for movementsof
fixed length.
Cooke (1980) suggestedthat variable speed control by an
STE model can be achievedby abruptly changingthe stiffness
of agonistand antagonistmusclesto achievedifferencesin distanceand speed.This modelhas not yet beenshownto produce
velocity profiles with the parameteric properties of the data
(SectionII). In addition. Houk and Rymer ( 1981) and Feldman
(1986)haveshownthat the stiffnessof individual musclesis typically maintained at a nearly constantlevel.
A secondproblem with the STE modelconcernsthe critical
needto abort quickly an evolving movementand stabilize current arm position. Such a need arises. for example. when an
animal wishesto freeze upon detection of a predatorwho uses
motion cuesto locateprey. It also ariseswhen an action. such
as transporting a large mass.beginsto destabilizean animal's
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overall state of balance. At such times, it is often adaptive to
freezequickly and maintain the current arm position. Freezing
could then be quickly achieved by preventing further changes
in the currently commanded position. In an STE model, this
simple freezestrategyis unavailablebecausea largediscrepancy
exists between present arm position and the target-position
command throughout much of the trajectory. To implement a
freezingresponseusingthe STE model,the systemwould somehowhaveto determine quickly and instatea newtarget-position
command capableof maintaining the arm's presentposition.
But this is preciselythe type of information whoserelevanceis
denied by the STE model.

7. Gradual Updating of Present-PositionCommands
During Trajectory Formation
Severallines of experimental evidence point to deficiencies
of the STE model. One line of evidence.attributable to Bizzi
and his colleagues.demonstratesthat a type of gradual updating
of the movementcommand occurs that is inconsistent with the
STE model. Earlier studies from the Bizzi lab partially supported the STE model.
In their experiments.Polit and Bizzi (1978)studied monkeys
trained to movetheir forearms. \\;.ithoutvisual feedbackof hand
position. from a canonical starting position to the position of
one of severallights. The monkeys' arm movementswere studied both before and after a dorsal rhizotomy wasperformed to
remove all sensoryfeedbackfrom the arm. Before deafferentation. the monkey could move its hand to the target's position
without visual feedback. even if its accustomed position with
respectto the arm apparatus was changed.After deafferentation. so long as the spatial conditions of training were maintained-in particular the canonicalstarting orientation and position with respectto the known target array-the animal remained able to move its hand to the targetposition. However.if
the initial position of the upper arm and elbowof the deafferented arm was passivelyshifted from the position usedthroughout training. thenthe animal's forearm movementsterminated
at a position shifted by an equal amount away from the target
position. Thus the movementof the forearm did not compensate for the changein initial position of the upper arm. Instead
the samefinal synergyof forearm-controlling muscles\\;.asgenerated in both cases.
The fact that deafferentedmonkeys moved to shifted positions emphasizedthe critical role of the target position command in setting up the movementtrajectory. The fact that normal monkeys could compensate for rotation in a way that
deafferentedmonkeyscould not indicated an additional role for
inflow signals when the arm is moved passivelyby an external
force (Section29).
Bizzi et al.'s(1982. 1984)later experimentsincluded an additional manipulation. The results of theseexperiments are inconsistent with the STE assumption that the arm's motion is
governedexclusivelyby the springlike contraction of its muscles
toward the position specified by a new target-position command. In theseexperiments.the monkeywas againdeprived of
visualand inflow feedbackand wasplaced in its canonicalstarting position. In addition. its deafferentedarm was surreoti-
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tiously held at the target position. then releasedat variable inter"als after acti,'ation of ~hetarget light. Under these circumstances.the arm traveled back toward the canonical starting
position. belore reversingdirection and proceedingto the target. The arm traveled lurther backward toward the starting position the sooner it was releasedafter target activation. Moreover. when the arm was moved to the target position and then
releasedin the absenceof any targetpresentation.it sprangback
to its canonical starting position. Bizzi et al. (1984. p. 2742)
concluded that "the CNS had programmed a slow,gradual shift
of the equilibrium point. a fact ~'hich is not consistentwith the
'final position control' [read STE] hypothesis:'
The Bizzi et al. ( 1984)description of their resultsas a "gradual shift of the equilibrium point" carries the languageof the
STE model into a context where it maycauseconfusion. From
a mathematical perspective.the intermediate positions of a
movementtrajectory are not, by definition. equilibrium points.
To explicate the Bizzi et al. (1984) data. we show how three
quantities are computed and updated through time: a TPC that
is switched on onceand for all beforethe movement:an outflow
movement command, called the present-position command
(PPC). ,vhich is continuouslyupdated until it matchesthe TPC:
and the arm position that closelycorrespondsto the PPC. We
use theseconceptsto explain data from the Bizzi lab in both
normal and dealferentedconditions.
Vv.ecall a movement for which a single TPC is switched on
before the movementbeginsanelemenlar)' movement.Once it
is seenhowa singleTPC cancausegradualupdating of the PPC.
movements can also be analyzed during ~'hich a sequenceof
TPCs is switched on, either underthe control of visual feedback
or from a movement-planning network that can store and releasesequencesof TPCs from memory with the proper order
and timing (Grossberg& Kuperstein. 1986).
Our analysisof howthe PPC is gradually updated during an
elementary movementpartially supports the Bizzi et al. ( 1984)
description of a "gradual shift of the equilibrium point" by
showing that the arm remains in approximate equilibrium with
respectto the PPC. eventhough none of theseintermediate arm
positions is an equilibrium point of the system.The only equilibrium point of the systemis reached when both the neural
control circuit and the arm itself reachequilibrium. That happens when the PPC matchesthe TPC. thereby preventing further changesin the PPCand allowing the arm to cometo rest.
Theseconclusions refine, rather than totally contradict. the
main insight of the STE model. Insteadof concluding that the
arm springs to the position coded by the TPC, we suggestthat
the springlike arm tracks the seriesof positions specifiedby the
PPC as it approachesthe TPC. This conception of trajectory
formation contrasts sharply with that suggestedby Brooks
(1986, p. 138) in responseto the Bizzi et al. data. Brooks inferred that
animals learn not only the end points and their stiffness.but also a
seriesof intermediate equilibrium positions. In other words, they
learn an internal "reference" trajectory that determines the path
to be followed and generatestorques appropriately to reduce mismatch betweenthe intendedand actual events.
In a similar fashion, Hollerbach (1982, p. 192) suggested that
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Fi.;:rlre3. Curves for subjects'approach to various targetedforce levels.
(Targeted.or peak. levelsarereachedat nearly the sametime. indicating
duration in varianceacrossdifferent force "distances:' Only the initial
part of eachcurve representsactive movement. Postpeakportions represent passiverelaxation back to baseline. Reprinted with permission
from Freund and Biidingen. 1978.)

we practice movementsto "learn the basic torque profiles:' In
contrast. we suggestthat the readout of the TPC is learned. but
that the gradual updating of the PPC is automatic. A number
of auxiliary learning processesare also neededto update the
PPC after passivemovementsbecauseof an externalforce (Section 29). to linearize adaptively the response of a nonlinear
muscle plant (Grossberg& Kuperstein. 1986).and to compensate adaptively for the inertial effects of variable loads and velocities (Bullock & Grossberg.1987).Theseadditional learning
processesenablethe automatic updating of the PPCto generate
controllable movementswithout requiring that the entire trajectory belearned.

8. Duration Invariance During Isotonic Movements
and Isometric Contractions
Further information concerning the gradual updating processwherebyPPCs match a TPC can be inferred from the detailed spatiotemporal properties of arm trajectory formation.
Freund and Biidingen ( 1978)havestudied
the relationship betweenthespeedof the fastestpossible\'oluntary
contractions and their amplitudes for several hand and forearm
musclesunder both isotonic and isometric conditions. These experiments showedthe larger the amplitude. the fasterthe contraction. The increaseof the rate of rise of isometric tension or of the
velocity of isotonic movementswith rising amplitude was linear.
The slopeof this relationship wasthe samefor three different hand
and forearm musclesexamined. ..the skeleto-motorspeedcontrol systemoperatesby adjusting the velocity of a contraction to its
amplitude in sucha waythat the contraction time remainsapproximately constant. ..this type of speed control is a necessaryrequirement for the synchrony of synergistic muscle contractions
(p.I).

This study raisestwo main issues.First. it must be explained
why, "comparing isotonic movementsand isometric contractions. the time from onsetto peak wassimilar in the two conditions" (p. 7). Figure 3 showsthe fastestvoluntary isometric con-
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Fi,~/Ir('4. O\ershooting (gray curve\. hitting (black curve). and undershooting(dashedline) a force-leveltarget(horizontal line) in an isometric task. (Reprinted with permissionfrom Gordon & Ghez. 1987b.)

tractions of the extensorindices muscle.Second.it must be explained\vh:---e forcedevelopsgradually in time with the shapes
depicted in Figure 3. Belowit is sho~'n that both duration invarianceand the force developmentthrough time are emergent
propertiesof the PPC updating process(seeSection21).

9. CompensatoryPropertiesof
the PPC Updating Process
Ghez and his colleagues(Ghez & Vicario. 1978: Gordon &
Ghez. 1984. 1987a. 1987b)haveconfirmed the duration invariancereported by Freund and Biidingen (1978) in an isometric
paradigm that alsodisclosedfiner properties of the PPC updating process.Theseauthorshavesuggestedthat "compensatory
adjustmentsadd to preprogrammed specificationof rapid force
impulsesto achievemore accuratelytargetedresponses"(Gordon & Ghez. 1987b.p. 267).
In their isometric task. subjectswere instructed to maintain
superpositionof two lines on a CRT screen.The experimenter
could causeone of the lines to jump to any of three positions.
Subjectscould exert force on an immobile lever to move the
other line toward the targetline. Equalincrements of force produced equal displacementsof the line. Thus more isometric
force was neededto move the line overa largerdistanceto the
targetline.
Figure 4 defines the major variables of their analysis. The
force target is representedby the solid black horizontal line. If
the subjectperforms errorlessly-that is. reachestargetwithout
overshoot-the value of the peak force will equal the value of
the force target. as in the black curve. Overshootsand undershoots in forceare representedby the gray and dashedcurves.
respectively.Figure 5 plots Gordon and Ghez's (1987b)data in
a way that illustrates duration invariance. The horizontal line
through the data points showsthat force rise time is essentiallv
independentof peakforce acceleration(d~F/dl~) for all the ta~getdistances.
Gordon and Ghez (1987b) separatelyanalyzed the data for
eachof the three targetdistancesand therebyderived the three
oblique lines in Figure 5. They interpreted these lines as evidence for an "error-correction processbecausea negativecorrelation exists between peak accelerationand the force rise
time. or duration. Thus. if the acceleration for a small target
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distancewas too high early in a movement. the trajectory was
"corrected" by shorteningthe rise time. Had this compensation
not occurred. the high accelerationcould haveproduced a peak
force appropriate for a largertargetdistance.
Gordon and Ghez (1987b)assumedthat trajectories are preplanned and that their peakaccelerationsare a signature indicatingwhich trajectory has beenpreplanned. It is from this perspectivethat they interpreted the compensatoryeffect shown in
Figure 5 as an error-correction process.In contrast, we suggest
in Sections 12and 20 that this compensatoryeffectis one of the
automatic properties wherebyPPCsare gradually updated. We
herebyprovide an explanation of the compensatoryeffect that
avoids invoking a special mechanismof error correction for a
movementthat does not generatean error in achieving its target. In addition. this explanation pro\1desa unified analysis of
the Rizzi etal. ( 1984)data on isotonic movementsand the Gordon and Ghez (1987b)data on isometric contractions.

10. Target-SwitchingExperiments: Velocity
Amplification. GO Signal.and Fitts's Law
Our explanation of the Freund and Biidingen (1978) and
Gordon and Ghez (1987a)data considershowa single GO signal. which initiates and drives all mo"ements to completion.
ensuresduration in,'ariance ,\'henapplied to all componentsof
the synergydefined by a TPC. Georgopouloset al. ( 1981)have
collecteddata that provide further evidencepertinent to the hypothesizedinteraction of a GO signal with the processthat instatesa TPC and thereby updates the PPC. In their experiments. monkeysweretrained to move a lever from a start position to one of eight targetpositions radially situated on a planar
surface.Then the original target position wasswitched to a new
target position at variable delaysafter presentation of the first
target.
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Figure 6 Monkeys seamlesslytransformed a movement initiated toward the:! o'clock target into a movementtoward the 10 o'clock target
when the latter targetwassubstituted50 or 100msafter activation of the
2 o.clock targetlight. (Reprinted with permissionfrom Georgopoulos.
Kalaska. & Massey.1981.)

Part of the data confirms the fact that
the aimed motor command is emitted in a continuous. ongoing
fashion as a real-time processthat can be interrupted at any time
by the substitution of the original target by the newone.The effects
of this changeon the ensuingmovementappearpromptly. without
delaysbeyond the usual reaction time (p. 725).

Figure 6 depicts movement paths found during the targetswitching condition. We explain thesedata in terms of how instatementof a secondTPC can rapidly modify the future updating of the PPC.
In addition. Georgopouloset al. (1981) found a remarkable
amplification of peak velocity during the switched component
of the movement:
The peak velocity attained on the way to thesecondtarget wasgenerally much higher (up to threefold) than that of the control. ..
these high velocities cannot be accounted lor exclusively by a
mechanism that adjusts peak \"elocity to the amplitude of movements. ...The
cause of this phenomenon is unclear (pp.
i3:!- 733).

In Section24. ",'e explain this phenomenonin terms of the independent control. or factorization. of the GO mechanismand
the TPC-switching mechanismdescribedin Section3. In particular. the GO signalbuilds up continuously in time. Whenthe
TPC is switchedto a newtarget.the PPC can be updated much
more quickly becausethe GO signal that drives it is already
large. The more rapid updating of the PPC translates into
higher velocities.
These target-switchingdata call attention to a more subtle
property of how a GO signal energizesPPC updating. indeed.a
property that hastendedto maskthe very existenceof the GO
signal: How cana GO signal that wasactivated with a previous
TPC interact with a later TPC without causing errors in the
ability of the PPCto track the later TPC? Howdoesthe energizing effect of a GO signal transferto any TPC? A solution to this
problem is suggestedin Section 17.
The fact that peak velocity is amplified without affecting
movementaccuracyduring targetswitching implies a violation
of Fitts's law. as Massey.Schwartz. and Georgopoulos (1986)

have noted. Our mechanisticanalysis of synergeticbinding via
instatement of a TPC and of subsequentPPC updating energized by a previouslyactivatedGO signalprovides an explanation of this Fitts's law violation as well as of Fitts's law itself
(Section27).
Our model also suggestsan explanation of why the position
of maximal curvature and the time of minimal velocity are correlated during two-part arm movements(Abend et al., 1982:
Fetters& Todd, 1987: Viviani & Terzuo10,1980).This correlation arises in the model if the secondTPC is switched on only
after the PPC approachesthe first TPC. In the Georgopouloset
al. (1981) experiment, in contrast, the secondTPC is switched
on becauseof the second light before the arm reachesthe first
target. An unanswered question of considerable interest is
whethera secondGO signal is switched on gradually with the
secondTPC in the Abend et al. ( 1982)paradigm. or whether
the reduction in velocity at the turning point is due entirely to
nulling of the difference betweenthe PPC and the first TPC
while the GO signal maintains an approximately constant
value. Thesealternativescan be tested by measuringthe velocities and accelerationssubsequentto the position of the turning
point.
II.

Velocity Profile lnvariance and Asymmetry

Many investigatorshave noted that the velocity profiles of
simple arm movementsare approximately bell shapedI Abend
et aI.. 1982: Atkeson & Hollerbach. 1985: Beggs& Ho\varth.
1972:Georgopouloset aI.. 1981: Howarth & Beggs.1971: :-.1orasso.1981:Soechting& Lacquaniti. 1981).Moreover.the shape
of the bell. if rescaledappropriately.is approximately preserved
for movementsthat vary in duration. distance.or peakvelocity.
Figure 7 showsrescaledvelocity profiles from Atkesonand Hollerbach's(1985)experiment. Thesevelocity profiles weregenerated over a fixed distance at severaldifferent velocities. Thus
both the duration scaleand the velocity scalewere modified to
superimposethe curves shown in Figure 7.
On the other hand. Beggsand Howarth (1972) showed that
"at high speedsthe approach curves of the practiced subjects
are more symmetrical than at low speeds"(p. 451). and Zelaznik et al. (1986)have shown that at very high speedsthe direction of asymmetry actually reverses.Thus the trend documented by Beggsand Howarth continues beyond the range of
speedsthey sampled. Becausevelocity profiles associatedwith
slow movementsare more asymmetric than those associated
with fastmovements.they cannot be exactlysuperimposed.All
the velocity profiles shown in Figure 7 are taken from slow (I
to 1.6 s)movementsand exhibit the sort of more gradual deceleration than acceleration that Beggsand Howarth (197~) reported for suchmovements.
Asymmetry. its degree.and changesin its direction are of major theoreticalimportance. For example. Hogan's (1984) minimum-jerk model predicts symmetric velocity profiles. More
generally.superimposability of velocity profiles after time-axis
rescaling is a defining characteristic of generalizedmotor-program models (Hogan. 1984: Meyer. Smith. & Wright. 1982:
Schmidt. Zelaznik. & Frank. 1978),which therefore cannot explain how the degreeof velocity profile asymmetry varies with
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target.The approachto sucha newTPC would take more time.
on the average.than the final approachto the previouslytracked
TPC. therebycausinggreatervelocity profile asymmetry. In our
simulation results, velocity profiles becomemore symmetric as
movementspeedincreasesand eventually exhibit a symmetry
reversaleven in the absenceof newly instated TPCs. Thus the
greater symmetry of velocity profiles at higher speedsmay be
due to the combined effects of PPC updating properties as the
GO signal is parametrically increased.and to the consequent
elimination of corrective TPCs as the target is rapidly approached. In support of this analysis.Jeannerod(1984. p. 252)
noted that
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FigitrE' 7 Velocity profiles from movements of similar duration are approximately superimposable following velocity and time axis rescaling.
(Reprinted with permission Irom Atkeson & Hollerbach. 1985.)

overall movementspeed.In contrast. our model showshow the
gradual updating of the PPC cangeneratevelocity profiles that
exhibit the type of speed-dependent
asymmetrythat is found in
the data (Section22).
Both the existenceof asymmetry in velocity profiles and the
dependenceof degreeand direction of asymmetry on movement speedindicate the need for an analysis of the neural dynamics wherebya trajectory unfolds in real time. In contrast.
the Hogan ( 1984)model's global optimization criterion forces
strict superimposability of rescaledvelocity profiles becauseit
does not representa processof temporal unfolding. Beggsand
Ho\l.'arth(197~)suggestedthat the asymmetryreflectsa learned
strategyof approachingthe targetas quickly aspossiblebefore
making corrective movements near the target. For example.
thesecorrective movementscould be made under visual guidance by instating a corrected TPC as the arm approachedthe

the low velocity phase is still observed in the absence of visual feedback. and even in the no-vision situation. This finding. however.
does not preclude that visual feedback. when present. will be incorporated. ...In
the present study. movement duration and lowvelocity phase duration were found to be increased in the \isual
feedback situation.

In summary. our explanation of these data sho\\"showa circuit capableof flexibly binding musclegroups into synchronous
synergiesautomatically implies the trends observedin data on
velocity profile asymmetry. Thus \\"esuggestan explanation of
movement invariants. such as duration invariance and synchrony. using a control circuit that ne\'ercomputes an explicit
trajectory and \\"hoseoutputs exhibit a type of speed-dependent
asymmetry that other modelshavenot beenable to explain.
12. Vector Ce;lls in Motor Cortex
Before quantitatively developingour model. we need to indicate how the PPC is gradually updated until it matchesa fixed
TPC. Sections 14through 17motivate this mechanismthrough
an analysis of the types of information that can be used by a
developingsystemto learn TPCs. The summary here is merely
descriptiveand is made to link these introductory remarks to
supportive neural data.
When a newTPC is switched on. its relation to the current
PPC can be arbitrary. Any realizable pair of positions can be
coded by the TPC and the PPC. To track the TPC. the PPC
needsto changein a direction determined by the difference between the TPC and the PPC. In addition. the amollnr of required changeis also determined by this difference. An array
that measuresboth the direction and the distance betweena
pair of arrays.TPC and PPC. is called a differenceI'ecror(DV).
At any given time. the DV betweenthe TPC and the PPCnamely. D V = TPC -PPC -is computed at a match interface
(Figure 8).
How does such a DV update the current PPC'?Clearly the
PPC must be updated in the direction specified by the DV.
Hencewe assumethat the PPC cumulativelyadds.or integrates.
through time all the DVs that arise at the match interface. Because of this arrangement.the PPC gradually approachesthe
TPC. At a time when the PPC equalsthe TPC. the DV equals
zero; hence.although the PPC maycontinue to integrate DVs.
it will not changefurther until either the switching on of a new
TPC createsa nonzero DV or the PPC is updated by inflow
information during a passivemovement(Section29). To sum-
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broadly tuned to direction (Figure lOa): that is, there exists a
broad range of directions in which a given component of the
model DV is positive.
Figure II further explicatestheseproperties.Figure II a clarifies why cells ~t the DV stagemay be called vector cells at all.
For simple movements,at increasingtimes 10< II < 12< ...,
the relative sizesof the activities acrossthe DV populations do
not change.Hence these populations code a vector direction,
even though their individual absolute activities sweepout an
approximately bell-shapedcurve through time. Figure II b illustrates that as movementdirection is parametrically changed,
the relativeactivations of an agonist-antagonistpair ofDV populations change systematically in such a way that individual
populations may remain active overa broad rangeof directions,
as in Figure lOa. Figure II b also schematizesthe fact that
different agonist muscles may remain active over different
rangesof direction. depending on the movement in questIon.
Although Figure II a schematizesa formal DV. this DV may
have many components because it controls many muscle
groups. In contrast. the three-dimensional vector that representsthe direction of the arm's movement in Euclideanspace
has only three components.One of the major outstandingproblems in arm-movement control is to relate the geometr)"of the
high-dimensionalmusclespacewith the geometryof Euclidean

space.
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Fi~lre 8. A match interfacewithin the motor command channelcontinuously computesthe differencebetweenthe target position and present
position and adds the differenceto the present-positioncommand.

marize theserelations.we call our modelthe vector-integrationto-endpoint (VITE) model.
Georgopoulosand his colleagues(Georgopouloset al., 1982:
Georgopouloset ai.. 1984)have found cell populations in the
motor cortex whose collective properties mirror those of the
vector-computing nodes at the match interface of our model
(Figure 8). The activity of each such node models the average
potential of a population of neural cells with similar receptivefield properties.Figure 9 showsa histogramof the averagenumber of spikes per unit time recorded from a singlesuch neuron.
This temporal behaviorcloselymatchesthat of a DV cell population in the model (Figure 18). The vectorcells in motor cortex, just like the DV cell populations in the model, are very

Becauseof the importance of explaining why eachDV population is sensitiveto a broad range of directions. we will comment on this property further. The PPC outflow channels must
control severaldifferent musclegroups at eachjoint and several
differentjoints in eacharm. Becauseof the opponent organization of the muscles(Figure lib). up to one half of the cellular
componentscomposing the DV stagewill havepositive activities during a givenmovement.
Each initial positive-valuedcomponent, Df.j(O) = TPC,(O)PPCj(O)> O.of the DV correspondsto an expectedchangein
lengthof one of the many musclegroupswhoseshorteningcontributes a motion componentto the overall limb movement. If
there were only one active agonist-antagonistmuscle pair driving the movement. the movementwould alwaystend to follow
a preferred direction. Where more than one agonist-antagonist
pair guidesthe movement.however.a muscle can facilitate motion along directions other than its preferred direction. In this
case.the net direction of limb motion dependson the relative
sizesDf."j(O)> 0 of the cooperatingagonists.so that each Dv"j
population can be active acrossa broad range of movementdirections. as in Figure II b. Becausethe net movementdirection
shifts continuously with the relative sizesDVi(O) of the cooperating agonists.it should be possibleto predict the direction ofa
forthcoming limb movement.
Both of theseconclusions have beensupported by Georgopoulos et al. (1984)and Georgopoulos.Schwartz. and Kettner
( 1986).Figure lOa illustrates that vector cells in motor cortex
are, indeed. broadly tuned to direction. Figure lOb illustrates
that the aggregateactivity of a largesample of active vectorcells
(read. cells from different Dr-'; populations)can be usedto predict accuratelythe direction of the forthcoming movement.
Figure 12 plots data from a vector cell population in vivo
alongsidethe velocity profile of the corresponding movement.
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Fi.~lIre9. Quick buildup and gradual decline of activity in motor-cortical vectorcells.
(Reprinted with permissionfrom Georgopoulos.Kalaska.Caminiti. & Massey.1982.)

Note that the asymmetry in the velocity profile is in the same
direction as the asymmetry in the vector-cell population profile.
This correspondence suggests that the \'elocity asymmetry is related to the neural control circuit. as our model also suggests.
Georgopoulos et al. ( 1984. p. 510) also noted the following:
~o ob\'ious in variance in cell dischargewas observedwhen the
final position ~~s thesame. , .these resultsshowthat. at the level
of motor corte:\. it is the direction of movement and not its endpoint that is the principle determinant of cell dischargeduring the
initiation and e:\ecutionof movement.Therefore. if the hypothesis
betrue that the endpoint of the movementis the controlled spatial
variable (Polit & Bizzi. 1979)then the motor cortex seemsto be
distal to that end-point specifyingprocess.
In other words. if one accepts the STE model. these data suggest
that the TPC cells occOr closer to the periphery than the DV
cells. On the other hand. if one accepts our model. these data
imply that the PPC cells occur closer to the periphery than the
DV cells. but that the TPC cells occur more central than the
DV cells. A combination of anatomical and physiological experiments can be used to test this prediction. Also note. however. that the STE model on which the conclusion of Georgopoulos ct al. (1984) is based is inconsistent with the very exis-

tence of vector cells becausethe springiike properties of the
musclesthemselves.rather than a neural computation of vectors. determine the direction and length of movement in the
STE model.
Severaladditional properties of cells in precentral motor cortex. documented by Evarts and Tanji (1974: Tanji & Evarts.
1976).lend support to identifying them with the vector cells in
our model. In their experiments.monkeysweretrained to either
push or pull a lever. During each trial (schematizedin Figure
13a)animals first held the lever in a medial position for :1to 4
s. Then either a greenor a red priming signal''''asilluminated.
If green.the forthcoming movementrequired for reward was a
push; if red. a pull. Finally. 0.6 to 1.2s after the priming signal.
the releasesignal occurred. This releasesignal took the form
of an externally imposed push or pull on the leverheld by the
monkey. It both cued movementonsetand perturbed the position of the leverso as to increaseor decreaseits initial distance
from target.
Figure 13bsummarizesoperatingcharacteristicsof two cells.
The first cell increasedits activity aftera "push" priming signal.
but was inhibited by a "pull" priming signal: the second cell
showedthe opposite response.From thesedata alone. it would

'.
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Fi.~!lre10.(A) Directional tuning curve for a motor-cortical cell exhibiting peakactivity during a O' (centerto-right) arm movement. (Dotted line indicates control period dischargerate. Thus this cell is inhibited
when movement direction falls outside the 180. hemisphereof movementsto which it can contribute a
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Figure II (A) As the movement unfolds through times 10.II. 12.. ...the present position command (PPC)
approaches the target position command (TPC) in such a way that the difference vector (DV) does not
change direction as its length approaches zero. (8) Over a full range of movement directions. DV cells
associated with opposi ng muscles (AGI vs. ANTAGI or AG2vs. ANTAG2) show reciprocal patterns of activation
and inhibition. (The zero crossings can occur at different points along the direction scale for different opponent pairs-AG, -ANTAGI vs. AG2 -ANTAGz-)

formation is learned from the parametersof the hand-arm system to the parametersof the eye-headsystem. A reversetransformation is also learned from parametersof the eye-headsystem to parameters of the hand-arm system. This reverse

transformation enables an observer intentionally to move its
hand to a visually fixated position.
Howdo thesetwo sensorimotorsystemsknow what parametersare the correct onesto map on each other?This Question

~EURAL DYNAMICS OF PLANNED ARM MOVEMENTS

not be clear whether thesecells' activities code DVs or TPCs.
Ho\\'e\"er.further characteristics confirm their status as DV
cells. The secondbracket for each cell in Figure l3b indicates
that their acti\'ities decline as movementproceedsin their preferred direction. This decline rules out the TPC interpretation.
In the model. it occurs because the movement progressively

cancelsthe differencewith which DV cell activity is correlated.
The third bracket for eachcell indicates that the initial position perturbationsalso havethe effectthey must have if the DV
interpretation is correct: Perturbations that make the starting
point closerto targetsubtract from activity levels.whereascontrary perturbationsadd to activity levels.This occursautomatically in the model becausePPCs.and thus the corresponding
DVs. are updated by sensory feedbackduring passivemovements (Section29),
Although the foregoingconsiderationsargue strongly for the
existenceof DV cells in precentral motor cortex. it might be
argued that the DVs could bemeasuringforce rather than positional \"alues.Indeed. E\"artsinterpreted his early experimental
data (E\"arts. 1968)as suggestiveof force coding. The data of
Schmidt. Jost. and Davis (1975). however.appearto rule out
this alternative interpretation. After varying position and force
independently.they concluded that "motor cortex cell firing
patterns appearto be unrelated to the large values of rate of
changeof force seenin this experiment" (p. 213).
The data summarized in Sections6 through 12weigh heavily
againstthe STE modeland modelsbasedon optimization principles. So. too, do the formal shortcomings of these models
noted in Sections6 and 11. We now showthat the VITE model
overcomesthese formal shortcomingsand providesa parsimonious quantitative explanation of all the behavioraland neural
data summarizedaboveand in the subsequentsections.
13. Learning Constraints Mold Arm Control Circuits
Rejectingthe STE model does not entail rejecting all dependence on endpoint commands. An analysis of sensorimotor
learning during eye-hand coordination enablesus to identify
processesthat supplementendpoint. or target-position. commandsto overcomethe shortcomingsof the STE model(Grossberg. 1978).The central role of learning constraints in the design of sensorimotorsystemshas beendevelopedelsewherefor
the case of the saccadic eye-movementsystem(Grossberg &
Kuperstein. 1986).
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We focus our discussionof learning \J;'ithinthe arm-movement system on the basic problem of how. when an observer
looks at an object, the observer'shand knows whereto move in
order to touch the object, We discussthis issue from the perspectiveof eye-hand coordination in a mammal, but the issues
that are raised,as well as the conclusionsthat are drawn, generalize to many other speciesand sensorimotor systems. Why
learning processesare neededto solve this problem is illustrated by the following example.
The movement command that guides the hand to a visual
target at a fixed position relative to the body is not invariant
under growth. If a young arm. with relatively short limb segments,and an old arm, with relativelylong limb segments,react
to the same command-that is, assumeequal anglesat analogous joints-then the tips of the two arm's fingers will be at
different loci with respectto the body frame, In short. any animal that grows over an extended period \J;'illneed to modify
adaptively movementcommands evenif its only ambition is to
perform the same act earlier and later in its life cycle. Put the
other \J;'ay,
that animals do remain able to reachdesiredtargets
throughout periods of limb growth implies plasticity in their
sensorimotorcommands. Becausesuch growth is slowrelative
to the rate of learning. failures of sensorimotor coordination
are rarely noticeable. In humans. exceptions occur during the
first few months of life. prior to e.xperientialtuning of the infant's initially coarsesensorimotor mapping (Fetters & Todd,
1987: von Hofsten, 1979. 1982).
14. Comparing Target Position With Present Position
to Gate Intermodality Learning
Thus. asthe arm grows.the motor commandsthat move it to
a fixed position in space \'-;th respectto the body must also
changethrough learning. Many arm movementsare activated
in responseto visually seenobjects that the individual wishes
to grasp. We therefore formulate this learning processas follows: How is a transformation learnedand adaptivelymodified
betweenthe parametersof the eye-head systemand the handarm systemso that an observercan touch a visually fixated ob-

ject?
Following Piaget's(1963)analysisof circular reactions.imagine that an infant's hand makesa seriesof unconditional movements, which the infant's eyes unconditionally tollow. As the
hand occupiesa variety of positions that the eye fixates,a trans-

positive motion component. Reprinted with permission from Kalaska.Caminiti. & Georgopoulos.i 983.)
(B) Eachdotted arrow in the central graphic indicatesthe direction of a radial (center-out)movementand
points to a representationof the cellular activitiesobservedduring that movement. (In eachplot of cellular
activities. the direcrjon of eachsolid black line correspondsto the direction of movementfor which a given
cell fired maximally. whereasthe lengrh of each solid black line correspondsto the firing rate of the same
cell during the indicated mo\'ement. The singledashed line with arrowhead in each plot representsthe
vector sum of all the neural vectors-solid block lines-generated during the indicated movement. Note
thecorrespondencebetweenthe direction of the vectorsum-dashed line ",ith arrowhead-and the direction of the actual movement-indicated by the dotted arrow in the central graphic. All cells were related
to musclegroups acting at the shoulder. a ball-and-socketjoint. Figures reprinted \\ith permission from
Georgopoulos.Kalaska.Crutcher.Caminiti. & Massey.1984.)
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adaptivesensorimotorsystemscompute a representationof target position(alsocalled expectedposition or intended position).
Thus the importance of endpoint computations is confirmed.
This representationis the TPC. (b) All such adaptive sensorimotor systemsalso compute a representationof presentposition. This representationis the PPC. (c)During movement,target position is matched against present position. Intermodal
map learning is preventedexceptwhen target position approximatelymatchespresentposition (Figure 14). A gating, or modulator, signal is thus controlled by the network at which target
position is matched with present position. This gating signal
enableslearning to occur when a good match occurs and prevents learning from occurring when a bad match occurs. This
matching processtakes place at the match interface that was
describedin Section 12.The DV controls the gating signal. (d)
Finally. to compare targetpositions with presentpositions. both
types of data mustbe computed in the samecoordinate system.
Presenteye position is computed with respectto head coordinates.Thus there is an evolutionary pressureto encode target
position in headcoordinates.

0
.0

15. Trajectory Formation Using DVs: Automatic
Compensationfor PresentPosition
I
-~

I
~

-0

.J.

T

M

Fi.~II'e 1-'. A comparison of the population vector of ~41 directionally
tuned cells (upper figure) with the velocity vector of the hand (lower
figurel. eachmeasuredat ~O-msintervals during the reaction time and
during movement. (Note the asymmetry-longer right tail-in both.
Reprinted with permission from Georgopoulos. Kalaska. Crutcher.
Caminiti. & Massey.1984.I

raises the fundamental problem that many neural signals. although large. are unsuitable for being incorporated into behavioral maps and commands. They are "functional noise" to the
motor learning process. The learning process needs to be actively modulated. or gated. against learning during inappropriate circumstances.
In the present instance. not all positions that the eye-head
system or the hand-arm system assume are the correct positions to associate through learning. For example. suppose that
the hand briefly remains at a given position and that the eye
mo\'es to foveate the hand. An infinite number of positions are
assumed by the eye as it moves to foveate the hand. Only the
final. intended. or expected. position of the eye-head system is
a correct position to associate with the position of the handarm system.
Learning of an intermodal motor map must thus be prevented except when the eye-he:ld system and the hand-arm sysiem :lre near their intended positions. Otherwise. all possible
positions of the two systems could be associated with one another. \vhich would lead to behaviorally chaotic consequences.
Four important conclusions follow from this observation
(Grossberg. 1978: Grossberg & Kuperstein. 1986): (a) All such

The foregoing discussionof how inrermodality sensorimotor
transformationsare learnedalso shedslight on howintramodality movementtrajectories are formed. Intermodality transformations associateTPCs becauseonly suchtransformations can
avoid the multiple confusionsthat could arise through associat.
ing arbitrary positions along a movementtrajectory. TPCs are
not. however.sufficient to generate intramodality movement
trajectories. In responseto the sameTPC. an eye. arm. or leg
must move different distancesand directions depending on its
presentposition whenthe target position is registered.
PPCscan beusedto converta singleTPC into many different
movementtrajectories. Computation of the difference between
target position and present position at the match interface in
Figure 8 generatesa DV that canbe usedto automatically compensatefor presentposition. Suchautomatic compensationaccomplishesa tremendousreduction in the memory load that is
placed on an adaptive sensorimotorsystem. Instead of having
to learn whole movementtrajectories. the system only has to
learn intermodality maps betweenTPCs. As shall be shown
later. DVs computed from target positions and present positions at the matchinterface canbe usedto update automatically
and continuously the PPC movementcommands from which
the trajectory is formed. In summary,considerationof the types
of information that can be used to learn intermodality commandsduring motor developmentleadsto generalconclusions
about the quantities from which intra modality movement trajectories are formed. and thus about the way in which other
neural systems. such as sensory.cognitive. and motivational
systems.can influencethe planning of suchtrajectories.
Computation of TPCs. PPCs. and DVs is a qualitatively
different approach to generating a trajectory than are traditional computations based on a Newtonian analysis of movement kinematics. In a Newtonian analysis. every position
within the trajectory is assumedto be explicitly controlled (At-
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FigZ/rt' 1-1 Learning in sensorimotor pathwaysis gatedby a difference
vector (DV) processthat matchesthe target position command (TPC)
",'ith the present-positioncommand (PPC)to preventincorrect associations from forming betweeneye-headTPCs and hand-arm TPCs.

keson& Hollerbach. 1985: Brody & Paul. 1984: Hogan. 1984:
Hollerbach. 1984).Suchcomputations lead to a combinatorial
explosionthat is hard to reconcilewith the rapidity of biological
movementgenerationin real time. In a vectorcomputation. the
entire trajectory is neverexplicitly planned. Instead. a TPC is
computed that determineswhere the movementexpects.or intends.to terminate. The subtractionof the PPC is an automatic
processthat compensatesfor the variability of the starting position. The DV that is herebycomputed can be usedto generate
an accurate movement without ever explicitly computing a
planned sequenceof trajectory positions for the whole movement. In arm movements.a continuous comparison is made
betweena fixed TPC and all the PPCscomputed during the
movement. All of thesecompensationsfor changesin present
positionare automaticallyregisteredand thereforeplaceno further burden on the computation of planned movementparameters. In addition. suchautomatic compensationsfor presentposition spontaneouslygenerate the major invariants of arm
movementsthat havebeendiscoveredto date (Sections21-28).
Thus the generalproblem of how DVs are computed is central
to understandingtrajectory formation in severalmovementsystems.

16. Matching and Vector Integration
During Trajectory Formation
We now specify in greater detail a model of how TPCs. PPCs.
and DVs interact with one another through time to synthesize
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a movementtrajectory. Each PPCgeneratesa pattern of outflow
movementsignalsto arm systemmuscles(Figure 8). Each such
outflow pattern actsto movethe arm systemtoward the present
positions that it encodes.Thus, were only a single PPC to be
activated,the arm systemwould cometo rest at a single physical
position. A complete movementtrajectory can be generatedin
the form of a temporal successionof PPCs. Such a movement
trajectory can be generated in responseto a single TPC that
remains active throughout the movement. Although a TPC explicitly encodesonly the endpoint of the movement,the process
whereby presentpositions are automatically and continuously
updatedpossesses
propertiesthat are much more powerful than
those of an STE model.
This processof continuous updating proceedsas follows. At
every moment, a DV is computed from the fixed TPC and the
PPC (Figure 8). This DV encodesthe difference betweenthe
TPC and the PPC. In particular, the DV is computed by subtracting the PPC from the TPC at the match interface.
Becausea DV computesthe difference betweenthe TPC and
the PPC,the PPC equalsthe TPC only when all componentsof
the DV equal zero. Thus if the arm system's commands are
calibrated so that the arm attains the physical position in space
that is coded by its PPC. then the arm systemwill approachthe
desiredtarget position in spaceas the DVs computed during its
trajectory approachzero. This is accomplishedas follows.
At eachtime, the DV computesthe direction and amplitude
that must still be movedto match the PPC with the TPC. Thus
the DV computes an error signal of a very specialkind. These
error signalsare used continuously to update the PPC in such
a way that the changingPPC approachesthe fixed TPC by progressivelyreducing the vector error to zero. In particular. the
match interface at which DVs are computed sends excitatory
signalsto the stagewhere PPCsare computed. This stageintegrates,or adds up. thesevectorsignalsthrough time. The PPC
is thus a cumulative record of all past DVs, and eachDV brings
the PPCa little closerto the TPC.
In so doing, the DV is itself updated through negativefeedback from the newPPC to the match interface (Figure 8). This
processof updating presentpositions through vector integration and negative feedbackcontinues until the PPC equalsthe
TPC. Severalimportant cenclusions follow from this analysis
of the trajectory formation process.
Two processeswithin the arm-control systemdo double duty:
A PPC generatesfeed-forward. or outflow, movement signals
and negative feedbacksignals that are used to compute a DV.
A DV is used to update intramodality trajectory information
and to gate intermodality learning of associativetransformations betweenTPCs.Thus the matchinterface continuously updatesthe PPC whenthe arm is moving and disinhibits the intermodality map learning processwhenthe arm comesto rest.
Within the circuit depicted in Figure 8. position and direction information are coded separately.Positional information
is coded within the PPC. and directional information is coded
by the DV at the match interface. On the other hand. the comp~tations that give rise to positional and directional information are not independent.becauseDVs are integrated to compute PPCs, and PPCs are subtracted from TPCs to compute DVs.
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In Figure 8. the PPCis computed using outflow information.
but not inflow information. This property emphasizesthe need
to mechanizeconceptsabout howpresentposition is computed.
The use of an outflow-based PPCclarifies how targets can be
reached when sources of inflow information are eliminated
(Polit & Bizzi, 1978) without being forced into the erroneous
conclusion that no information about present position is
neededto form a trajectory. In addition. althoughthe PPCintegratesoutflow DV signalsduring active movements,inflow signals are used to update the PPC during passive movements
(Section 29). thereby clarifying the data of Polit and Bizzi
(1978)concerningfailure of monkeysto compensatefor passive
shifts of their initial upper arm position in the deafferented
state. The PPC feedback shown in Figure 8 is an "efference
copy" of a premotor command (von Holst & Mittelsteadt.
1950).The VITE model's useof efferentfeedbackdistinguishes
it from an alternativeclassof models. which pr~se that present-position information isderived from afferentfeedbackfrom
sensory receptors in the limb. In particular. the far-reaching
consequencesof its useof efferent.asopposedto afferent. feedback make the VITE model fundamentally different from the
classical closed-loop servo recommended by Adams (1971.
1977)as a mode! of human motor performance. Further differencesare introduced by the VITE model's useof the time-varying multiplicative GO signalintroduced in Section 10and elaborated below.

17. Intentionality and the GO Signal: Motor Priming
Without Movement
The circuit depicted in Figure 8 embodiesthe concept of intention. or expectation,through its computation of a TPC. The
complete movementcircuit embodies intentionality in yet another sense.which leads to a circuit capable of variable speed
control. The need for such an additional processcan also be
motivated through a consideration of eye-hand coordination
(Grossberg,1978,1982).
When a human looks at a nearby object, severalmovement
options for touching the object are available.The object could
be graspedwith the left hand or the right hand. The objectcould
evenbe touched with one's nose or one'stoes! We assumethat
the eye-head systemcan simultaneouslyactivate TPCs in several motor systemsvia the intermodality associativetransformations that are learnedto thesesystems.An additional act of
will. or GO signal. is required to convert one or more of these
TPCs into overt movementtrajectories within only the selected
motor systems.
There is only one wayto implement sucha GO signal within
the circuit depicted in Figure 8. This implementation is described in Figure 15.The GO signal must act at a stageintermediate betweenthe stagesthat compute DVs and PPCs:The GO
signal must act after the match interface so that it does not disrupt the processwherebyDVs becomezero as PPCs approach
theTPC. The GO signal must actbeforethe stagethat computes
PPCs so that changesin the GO signal cannot cause further
movementafter the PPC matchesthe TPC. Thus. although the
GO signalchangesthe outputs from the match interface before
they reachthe present-positionstage.the very existenceof such

processingstagesfor continuous formation of a trajectory enables the GO signal to act without destroying the accuracyof
the trajectory.
The detailed computational properties of the GO signalare
derived from two other constraints. First, the absenceof a GO
signal must prevent the movement from occurring. This constraint suggeststhat the GO signal multiplies, or shunts. each
output pathway from the match interface. A zero GO signal
multiples every output to zero and, hence,prevents the PPC
from being updated. Second,the GO signal must not change
the direction of movementthat is encodedby a DV. The direction of movementis encodedby the relative sizesof all the output signals generatedby the vector. This constraint reaffirms
that the GO signalmultiplies vectoroutputs. It alsoimplies that
the GO signal is nonspecific: The same GO signal multiplies
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each output signal from the matching interface so as not to
changethe direction encodedby the vector.
In summary.the GO signaltakesa particularly simple form.
When it equalsiCro. the present-positionsignalis not updated.
Hence no overt movementis generated.On the other hand, a
zero GO signaldoesnot preventa TPC from being activated,or
a DV from being computed. Thus a motor systemcan become
ready. or primed. for movementbefore its GO signalturns on.
Whenthe GO signaldoesturn on. the movementcan be rapidly
initiated. The sizeof the GO signalregulatesoverall movement
speed,LargerGO signalscausefastermovements.other things
being equal. by speedingup the processwherebydirectional information from the match interface is integrated into new
PPCs.In models of cognitive processing.the functional analog
of the GO signalis an attentional gain control signal (Carpenter
& Grossberg.1987. in press:Grossberg.1987a. 1987b:Grossberg & Stone. 1986).
Georgopoulos et al,. (1986) have reported data consistent
\vith this scheme.In their experiment. a monkey \I.'astrained to
withhold movementtor 0.5 to 3 s until a lighted targetdimmed,
They reported that cells \I.'ithproperties akin to DV cellscomputed a direction congruent with that of the upcoming movement during the waiting period. Thesedata support the prediction that the neural stagewhere the GO signal is registeredlies
bet\l.'eenthe DV stagearid the PPCstage.

can be achievedby completely inhibiting the GO signal at any
point in the trajectory. The fact that target position maybe very
different from present position when the GO sign~1is withdrawn does not interfere with freezing,as it would usinga STE
model, becausethe arm position closelytracks the PPC, which
stopschangingas soonasthe signalshutsoff.
Grossberg(1978. Section 54: reprinted in Grossberg, 1982)
suggestedan alternative schemewhereby actively moving musclescould be opposedby properly scaledantagonistco-contractions in responseto a suddenunexpectedevent. In this scheme,
agonist-antagonistmotor commandsare organizedasgateddipole opponent processes.and the unexpected event triggers a
burst of nonspecific arousal to all the command sources.Each
gated dipole opponent process reacts to such a nonspecific
arousal burst by causing an antagonistic rebound whose size
is scaledto that of the dipole's prior on-response.The rate of
antagonist contraction generated by such a scheme is thus
matchedto the size of the just-preyious rate of agonistcontraction. Both types of mechanism-inhibition of GO signal and
onsetof arousalburst to opponent motor controls-are worthy
of further neurophysiologicaltesting. Another role for the opponent organization of motor commands is summarized in the
next section.

18. Synchrony.VariableSpeedControl. and FastFreeze

Mammalian motor systemsare organized into pairs of agonist and antagonistmuscles,\\'e nownote a ne\v functional role
for such an opponentorganization: An opponent organization
is neededto convert DVs into PPCsthat can eventually match
an arbitrary TPC. Figure 16depicts how opponentorganization
isjoined to the system'sother processingconstraints,
The need for opponentsignalscan be seenfrom the follo\ving
examples. If a target-position signal is larger than the corresponding present-positionsignal. then a positive output signal
is generatedby the corresponding componentof the DV. Such
positive output signalsincreasethe present-positionsignal until
it matchesthe target-positionsignal. Increasingthe present-position signal causesthe target muscle group to contract, The
opponentmusclegroup mustalso simultaneouslyrelax. Inhibitory signalsto the present-positionnode of the opponentmuscle
instate this latter property. W.henthese inhibitory signals are
integrated by the present-positionnode of the opponentmuscle.
the output signalto the opponentmuscle decreases,therebyrelaxing the muscle.
The need for opponentprocessingcanalso be seenby considering the casein which the target-positionsignalis smaller than
the present-positionsignal. Then the correspondingcomponent
of the DV is negative.Becauseonly nonnegativeactivities can
generateoutput signals. no output signal is generatedby this
component of the DV to its corresponding present-position
node. How. then, is this present-positionsignal decreaseduntil
it matchesthe target-position signal?The answeris now obvious. becausewe have just consideredthe same problem from
a slightly different perspective:If a negativevector component
correspondsto an antagonist muscle group. a positive vector
componentcorrespondsto its opponent agonistmusclegroup.
This positive vector component generatesinhibitory signalsto

The circuit in Figure 15 is now easily seen to possessqualitative properties of synchronous synergetic movement. variable
speed control. and fast freeze-and-abort. We apply the circuit
properties that each muscle synergist's motor command is updated at a rate that is proportional both to the synergist's distance from its target position and to a variable-magnitude GO
signal. which is broadcast to all members of the synergy to initiate and sustain the parallel updating process.
To fix ideas. consider a simple numerical e.xample. Suppose
that prior to movement initiation. Muscle Synergist A is 4 distance units from its target position and Muscle Synergist B is 2
distance units from its target position. In that case. if the mean
rates at \vhich PPCs are updated for the two synergists are in
the same proportion as the distance (i.e.. 2: I). then the updating
of Synergist A will take 4/2 time units ",'hile the updating of
Synergist B \vill take 2/1 time units. Thus both processes will
consume approximately 2 time units. Although the PPC updating process occurs at different rates for different synergists. it
consumes equal times for all synergists. The result is a synchronous movement despite large rate variations among the component motions.
Changing the magnitude of the GO signal governs variable
speed control. Because both of the updating rates in the example (2 and I) are multiplied by the same GO signal. the component motions \\'ill remain synchronous. though of shorter or
longer duration. depending on whether the GO signal multiplier
is made larger or smaller. respectively. In general. the GO signal's magnitude varies inversely with duration and directly with
speed. Finally. if the value of the GO signal remains at zero. no
updating and no motion will occur. Thus very rapid Ireezing

19, Opponent Processingof MovementCommands
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agonist's PPC population, G(t) is the GO signal, df,'/dt is the
rate of changeof V,and dP/dt is the rate of changeof P.
Equation 2 saysthat the activity V(t) averagesthe difference
of the input signals T(t) and P(t) at a rate a through time. The
TPC input T(t) excites V(t), whereasthe PPC input P(t) inhibits V(t) as part of the negative feedback loop between Vlt)
and P(t).
Equation 3 saysthat P(t) cumulatively adds,or integrates,the
product G[V]+, where
[V]+

= {V
0

Fi.l!ure /6 Opponent interactions among channelscontrolling agonists
and their antagonistsenablecoordinated. automatic updating of their
present-positioncommands(PPCs).(DV = differencevector.)

the PPC of the antagonistmuscle. therebyrelaxing the antagonist muscle until its PPCequalsits TPC.

20. SystemEquations
A quantitative analysisof movementinvariants requires the
developmentof a rigorous real-time mathematicalmodel of the
constraints summarized in the precedingsections.Qualitative
algebraic analysis is insufficient becausethe trajectory is an
emergentpropertyof a nonlinear integration and feedbackprocessundervariable gaincontrol. Our modeldefinesthe simplest
system that is consistent with these constraints. To fix ideas.
we explicitly study how the TPC to an agonist muscle group
generatesa trajectory ofPPC signalsto that musclegroup. Generalizationsto synergeticmovementof multiple agonist-antagonist muscle groups follow directly from this analysis. Figure
17 locates the mathematical variables that are defined below.
The network dep'ictedin Figure 17obeysthe following system
of differential equations:
dJl"

dt

= a(-J,'+ T- P)

(2)

and
(3)
In Equations 2 and 3, T(/) is a target position input, 1'(/) is the
activity of the agonist's DI'population.
P(/) is the activity of the

if v>

0

if V.s; o.

(4)

In other words. the DV population elicits an output signal[V]+
to the PPC population only if the activity r' exceedsthe output
thresholdO.The output signalis a linear function of J' at suprathreshold values.The output signal [rl+ is multiplied, or gated.
by the GO signal G(t) on its wayto the PPC stage.The activity
P(t) at the PPC stageintegratesthe gatedsignal through time.
In particular. G(t) = 0 implies (dP/dt)(t) = O. In other words.
if the GO signalis shut off within a giventime interval. the P(t)
is constantthroughout that time interval. Fastfreezecan hereby
be rapidly obtained by simply switching G(t) quickly to zero no
matter how far P(t) may be trom T(t) at that time. In addition.
this circuit generatescompensatory.or error-correcting. trajectories. as describedin Section9. For example. supposethat the
GO signal starts out larger than usual or that there is a slight
delay in instatement of the TPC relative to onset of the GO
signal. In either case. P(t) can initially increase faster than
usual. As a result. T -P(t) can rapidly become smaller than
usual. Consequently.updating of P(t) terminates earlier than
usual.
This compensatoryprocessillustrates two critical featuresof
the VITE model: (a) Trajectories are not pre-formed. (b) Becausethe GO signalfeedsin betweenthe DV stageand the PPC
stageand becausethe DV is continuouslyinhibited by feedback
from the PPC stage.accuracyis largelyinsulated from random
variations in the size or onsettime of the GO signal. variations
in the onsettime of the TPC. or momentary perturbations of
the PPC owing to internal noise or inflow signals.
The systemof Equations 2 through 4 is explicitly sol".edfor
a particular choice of GO signal in Appendix A. In Sections21
through 28. we displaythe results of computer simulations that
demonstrate that this simple model provides a quantitative explanation of all the data thus far summarized. In most of these
simulations. we write the GO signal in the form
G(r) = Gog(r).

(5)

Constant Go is called the GO amplitude. and function g(t) is
called the GO onsetfimction. The GO amplitude parameterizes
how large the GO signal can become.The GO onset function
describesthe transient buildup of the GO signal after it is
switched on. In our simulations. we systematicallystudied the
influence of choosing different GO amplitudes Go and onset
functions from the family
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if

t~ o.

if

t < O.

(6)
In Equation 6, we chose{j and i' equal to I or O. If (j = 0 and
i' = I, then g(t) is a step function that switches from 0 to I at
time t = O. If (3= I and i' = I, then g(t) is a siower-than-linear
.function of time if n = I and a sigmoid, or S-shaped,function
of time if n > I. In both of these cases,function g(t) increases
from g(O) = 0 to a maximum of I and attains the value 1/2at
time t = ,8. If.8 = I and i' = 0, then g(t) is a linear function of
time if n = I and a faster-than-linearfunction of time if n > I.
We will soondemonstratethat an onset function that is a fasterthan-linear or a sigmoid function of time generatesa PPC profile through time that is in quantitative accord with data about
the arm's velocity profile through time. On the other hand, if
muscleand arm propertiesattenuatethe increasein velocity at
the beginning of a movement. then linear, or evenslower-thanlinear, onsetfunctions could also quantitatively fit the data. Direct physiologicalmeasurementsof the GO signaland PPC updating processeswould enablea more definitive selectionof the
onsetfunction to be made.

21. Computer Simulation of Movement Synchrony
and Duration lnvariance

Fi,l,'Ilre J 7, Network variables used in computer
simulations. (See Equations 2 and 3 in text.)

In simulations of synchronouscontraction. the sameGO signal G(t) is switched on at time t = 0 across all VITE circuit
channels. We consider only agonist channels whose muscles
contract to perform the synergy.Antagonist channelsare controlled by opponentsignals.as described in Section 19. We assume that all agonistchannels start out at equilibrium before
their TPCs are switched to new.sustained targetvalues at time
t = O. In all agonistmuscles,1'(0)> P(O).Consequently.~:'(t)in
Equation 2 increases.therebyincreasingP(t) in Equation 3 and
causingthe targetmuscleto contract. Different musclesmay be
commandedto contract by different amounts. Then the size of
1'(0) -P(O) will differ acrossthe VITE channels inputting to
different muscles.Thus Equations 2 through 4 describea generic component of a TPC (T" T2.
Tn). a DV (~'I. f2.
..., f-'n)'and a PPC (PI. Pz, ..., Pn). Rather than introduce
subscripts I, 2
n needlessly.we merelynote that our mathematical task is to showho~. the VITE circuit in Equations 2
through 4 behavesin responseto a single GO function G(t) if
the initial value T(O)-P(O) is varied. The variation of T(O) P(O)can be interpreted as the choice of a different setting for
eachof the components Tj(O) -Pj(O), i = 1,2, ..., n. Alternatively it can be interpreted as the reaction of the samecomponent to different target-and initial-position valueson successive
performancetrials.
Figure 18depictsa typical responseto a faster-than-linearG(t)
when T(O)> P(O).Although T(t) is switched on suddenlyto a
new value T, f-'(t) graduallyincreasesthen decreases.
while P(t)
graduallyapproachesits new equilibrium value,which equals T.
The rate of changedP/dt of P providesa measureof the velocity
with which the muscle group that quickly tracks P(t) will contract. Note that dP/dt also gradually increasesthen decreases
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\vith a bell-shaped curve whose decelerative portion (d2P/dI2 <
0) is slightly longer than its accelerative portion (d2P/dI2 > 0). as
in the data described in Sections 7.8. II. and 12.
Figure 19 demonstrates movement synchrony and duration
invariance. This figure shows that the V curves and the dP/dl
cur\'es generated by widely different nO) -P(O) values and the
same GO signal G(/) are perfectly synchronous through time.
This property is proved mathematically in Appendix B. The
simulated curves mirror the data summarized in Sections II
and 12. These results demonstrate that the PPC output vector
[Pj(/). P~(t).. ...P n(/)] from a VITE circuit dynamically defines
a synergy that controls a synchronous trajectory in response to
any fixed choice (T.. T2
Tn) ofTPC. any initial positions
[Pj(O). P~(O)
Pn(O)].and any GO signal G(/).

22. Computer Simulation of Changing VelocityProfile
Asymmetry at Higher MovementSpeeds
The next simulations reproduce the data reviewed in Section
II concerning the greater symmetry of velocity profiles at

higher mo\'ement velocities, In these simulations. the initial
difference T(O) -PIG) bet\\'eenTPC and PPC was held fixed.
and the GO amplitude Gowas increased.Figure 20a. 20b. and
20c showsthat the profile of dPjdt becomesmore symmetric as
Gois increased. At still larger Govalues.the direction of asymmetry reversed:that is. the symmetry ratio exceeded,5. as in
the data oflelaznik et al. (1986), Figure 20d showsthat if both
the time axis t and the velocity axis dPjdt are rescaled.then
curvescorrespondingto movementsof the samesizeat different
speedscan approximately be superimposed.exceptfor the mismatchof their decelerativeportions. as in the data summarized
in SectionII.

23. Why Faster-Than-Linear. or Sigmoid.
OnsetFunctions?
The parametric analysis of velocity profiles in responseto
different values of T(O) -P(O) and Go led to the choice of a
faster-than-linear.or sigmoid. onset function g(t). In fact. the

:
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Fi.~lre J9 With equalGO signals.movementsof different sizehaveequal durations and perfectly superimposablevelocity profiles after velocity axis rescaling.(For A and B. respectively.GO signals and velocity
profilesare for 20- and 60-unit movementslasting 560 ms. Parametersfor Equations 2. 3. and 6: a = 30.
n = 1.4. i3 = I. and"y = 0.)

faster-than-linear onset function should be interpreted as
the portion of a sigmoid onset function whose slower-thanlinear part occurs at times after P(t) has already come very close
to T.
Figure 21 shows what happens when a slower-than-linear
g(t) = l(fJ + I)-lor a linear g(t) = t is used. At slow velocities
(small Go), the velocity profile dP/dt becomes increasingly
asymmetric when a siower-than-linear g(t) is used. At a fixed
slow velocity. the degree of asymmetry increases as the slowerthan-linear g(t) is chosen to approximate more closely a step
function. A linear g(t) leads to an intermediate degree ofasymmetry. A faster-than-1inear. or sigmoid, g(t) leads to slight asymmetry at small values of Goas well as greater symmetry at large
values of Go. A sigmoid g(t) can be generated from a sudden

onset of GO signal if at least two cell stagesaveragethe GO
signal before it gates [r']+ in Equation 3. A sigmoid g(t) contains a faster-than-linearpart at small valuesof t and an approximately linear part at intermediate valuesof t. Thus a sigmoid
g(t) can generatedifferent degreesof asymmetry depending on
how much of the total movementtime occurs within each of
theseranges.
We have also simulated a VITE circuit using sigmoid GO
signalswhoserate of growth increaseswith the size of the GO
amplitude. Suchcovariation of growth rate with amplitude is a
basic property of neurons that obey membrane. or shunting,
equations (Grossberg. 1970, 1973, 1982; Sperling & Sondhi,
1968).Sucha sigmoid GO signal G(t) can simply be defined as
the output of the secondneuron population in a chain ofshunt-

,\
\\
~~

74

DANIEL BULLOCK AND STEPHEN GROSSBERG

SA = .40

'; 1

SA= .45

~

/~

..,
..,

-I-'

-0 ~

"'"
-0 D-

I

/

/

/

/

\

/

\

\

\\
\\

a)

01/.

.,~,

0.00

0.22

0.44

0.65

0.87

, .09

0.15

0.30

TIME

0.44

\ '-

0.59

0.74

TIME

...

:: 1

-+-'

-0

0.;

~

"'"
D-

,

/j/~~~\

\

-0
-+-'
.,...,

'"

V

IDI

,
~

0

I

W
N

D- ...~
...I,
"'r-.
..,.,

~i

';'~

0,08

0,' 6

0.23

0.31

/I I

\

\

\
\

:2:

\
.,\0:::;

/

0,00

«

\

/

\\\

/

0:::

~
0.39

TIME

TiME

(C)

CD)
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ing equations perturbed by a step function input with amplitude Go.Thus. let
if

t~ 0

if

t <0.

(7)
(8)

and

-d G.. = -AG..
d
t

-~

+ (B -GVG1o

(9)

Then G~(l) is a sigmoid function of the desiredshape.The GO

I~
NORMALIZED

signal G(l) can be set equal to Gz(l). as we did. or even to a
sigmoid signal_([G~(t)] ofGz(t). A typical result is shown in Figure :?:?.In the series of simulations exemplified by Figure :?:?.
the range of symmetry ratios. namely .44 to .50. was similar to
that found in Figure 19 using a faster-than-linear signal function. Final choice of a best-fitting G(t) awaits a more direct experimental determination of the PPC profile through time.

24. Computer Simulation of Velocity Amplification
During TargetSwitching
Velocity amplification by up to a factor of 3 can be obtained
by switching to a new value of T while a previously activated
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GO signal is still on. Figure 23 demonstratesthis effectby comparing two computersimulations. In the first simulation. onset
of T(t) and g(t) were both synchronous at time t = 0 (Figure
23a). In the secondsimulation. onset of g(t) precededonsetof
T(t) by a time equivalentto about 300 ms (Figure 23b). Note
the much higher peak velocity (235 vs. 102)attained in Figure
23b. The effect.which matchesthe "anomalous" velocity multiplication observed in the target-switching experiments of
Georgopouloset al. (1981), is due to the prior buildup of the
GO signalduring responseexecution.
In the ensuingsections.computer simulations will be compared with a variety of data that were not reviewed in the pre.
cedingsections.

25. ReconcilingStaggeredOnsetTimes With
SynchronousTermination Times
Within the context of a target-switchingexperiment, velocity
amplification may appearto be a paradoxicalproperty. On the
other hand, such a property has an adaptive function in the
many situationswherea hand will fail to reacha moving target
unlessit both changesdirection and speedsup. In addition, we
now showthat the same mechanismcan generatesynchronous
termination times of synergeticmuscle components that may
individually start to move at staggeredonsettimes.
The need for this latter property has recently beenemphasized in a study by Hollerbach et al. (1986), who showed that
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nearly straight movement paths can result from muscle-coordinate planning if the onset times of muscles acting at different
joints are appropriately staggered and if all the muscles reach
their final positions synchronously. Their study did not. however. explain how a neural mechanism could generate synchronous muscle offsets despite staggered muscle onsets.
We now show that the posited interaction of a growing GO
signal \\'ith components of a DV that may be switched on at
different times automatically generates synchronous offsets as
an emergent property of the VITE circuit. Thus the interaction
ofa GO signal with a DV both helps to linearize the paths generated by individual TPCs and. as in the target-switching experiments. enables the hand to track efficiently a moving target by
quickly reacting to readout of an updated TPC.
Figure 24 depicts the results of four blocks. labeled I. II. III.
and IV. of computer simulations. Each block represents the onset time. offset time. and duration of three simulations. In the
leftmost simulations of each block. onset of a DV component
and a GO signal \\'ere synchronous. I n the other two simulations

of each block. a different DV component ''''as read out at successively longer delays with respect to the onset time of the GO
signal. Because of duration invariance (Appendix B). the results
are independent of the initial sizes of the T(O) -P(O) values of
these components.
The four blocks (I. II. III. and IV) correspond to four increasing values of the GO amplitude Go (10. 20, 40. and 80). The
approximate in,'ariance of termination times across components with different onset delays is indicated by the nearly equal
heights reached by all the bars within the block. The different
lengths of bars within each block show that less time is needed
to update those components whose onset times are most delayed. Thus. in Block I. all the components terminate almost
synchronously even though their onset times are staggered by
as much as 26% of the total movement time. In Block II. almostsynchronous terminations occur even though onset times are
staggered by as much as 39CfOof the total movement time. At
very large choices of Go (Blocks III and IV). synchrony begins
gently to break down because the earliest components have exe-
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Fi.lJure -'3 (A) The control condition. in which T and the GO signal gro\l.1h process are activated synchronously. (B) Same T as in (A). but here T was activated after G(I) had been growing for 300 ms. (A much
higher peak velocity is predicted by the model whenever a target is activated after the GO signal has already
had time to grow. Parameters for Equations~. 3. and 6: a = 30. n = 1.4. i3 = 1. and I = 0.)

cuted more than 50C'o
of their trajectories before later components evenbegin to move.Theseand other results in the article
suggestthe critical importance of experimentallytestingthe existenceand predicted properties ofGO-DV interactions. notably the predicted correlations betweenthe temporal evolution
of the GO signaland the DV.
26. Computer Simulation of the Inverse Relation
Between Duration and Peak Velocity
Each curve depicted in Figure 25a summarizesa series of
simulations in which T(O) -P(O) was held constantwhile Go
was varied. In this way. a seriesof velocity profiles were generated whose peak velocitiesdiffered even though their trajecto-

ries traversedthe samedistance. The duration of each movementwascomputed by measuringthe interval betweenvelocity
profile zero crossings.The different curves in Figure :?5aused
different valuesof the distance parameter T(O)-P(O).
Thesecurves mirror the data of lestienne (1979) summarized in Figure 25b. Figure :?5bplots agonist burst duration
againstpeak velocity. The overall shapesof the plots of simulated durations (Figure :?5a)and agonist burst durations (Figure 25b)asa function of peak velocityare similar. This similarity reinforces the postulate that the VITE circuit operates in
agonist-antagonistmuscle coordinates (Sections:?and 19). It
also suggeststhat the relation between VITE circuit outputs.
motoneuroninputs. and actual muscleactivities might be relatively simple (Bullock & Grossberg,1987).
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Fi.~lre 14. Simulation results showing automatic VITE circuit compensation for contraction-onset-time
staggeringacrosscomponentsof a synergy.(Each block-I. II. III. and IV -shows results for a different
\alue-IO. ~O.40. and 80. respectively-of the GO signalscalar.Go. Parametersfor Equations2.3. and 6:
a = 30. n = 1.4. J = I. and 'Y = 0.)

~evertheless.two caveatsdeservemention. First. wereFigure
25a a plot of movementduration (.\IT) against mean velocity
(1-:). it would necessarilyhave the shape shown. because by
definition.

D
,VT=-=.
V

(10)

y,'here D denotes the distance. Multiplying by different values
of D generates a family of curves similar in shape to those
shown in Figure 25a. The VITE model generates the curve in
Figure 25a because mean velocity and peak velocity are strongly

correlated in theseVITE trajectories owing to the duration invariancedescribedin Section21.
The secondcaveatacknowledgesthat the VITE circuit cooperates with several other circuits to generatea controllable
trajectory in responseto unexpectedloads and to variable velocities (Bullock & Grossberg,1987). For example,during medium- anQhigh-speedmovement,the duration of the initial agonist burst may be only one fourth the duration of the corresponding movement. If we assume that the PPC updating
processconsumesmost of the movementtime, then theseshort
duration electromyograph (EMG) bursts are further evidence
that the PPC stage must not be identified with-and must be
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higher in the outflow channel than-the
spinal motorneurons
whose suprathreshold activities are directly reflected in the
EMG bursts.
This conclusion is consonant with a-railable data on the genesis of EMG burst patterns. In vivo. EMG activities are often
sculpted into multiphasic burst patterns by several subnetworks
that converge on and embed the spinal motorneurons. In particular. during high-speed movements. muscle changes lag behind neural changes early in response development. This leads
to registration of lag errors at model regulatory circuits (Bullock & Grossberg. 1987: Feldman. 1986: Ghez & Martin. 1982;
Grossberg & Kuperstein. 1986). including the stretch reflex and
cerebellar circuits. which translate these error signals into large
agonist activations and antagonist inhibitions. If the large agonist activations accelerate the limb so much that it begins to
overshoot the intended position. this overshoot is registered as
an error opposite in sign to the initial lag error. and the result is
a large antagonist-braking activity in concert with agonist inhibition. Such braking may slow the movement enough that a
smaller lag error is once again registered. Although this results
in a second agonist burst and transient antagonist inhibition.
this last phasic modulation fades quickly and gives way to the
tonic E~IG pattern required to hold the arm at the final postural position. A similar anal.ysis may be given for isometric
contractions.

27. Speed-AccuracyTrade-off:Woodworth's Law
and Fitts's Law
The VITE model circuit predicts a speed-accuracy trade-off
that quantitatively fits the la",.s of Woodworth ( 1899) and Fitts
( 1954). The existence of a speed-accuracy trade-off per se can
be understood by considering the role of the rate parameter a
in Equation I. The case of an overshoot error is considered for
definiteness.
Given any finite value of the averaging rate a in Equation 2.
'"(i) takes some time to react to changes in P(i)" In particular.
e\en if PIt) = T at a given time i = to. J"(i) will typically require
some extra time after i = io to decrease to the value O. and by
Equation 3. PIt) will continue to increase during this extra
time. If a is very large. V(i) can approach 0 quickly. Consequently. by Equation 3. J"(t) will not allow P(i) to overshoot the
target value Tby a large amount. On the other hand. given any
choice of a. the relative amount whereby P(i) overshoots the
target T depends on the size of the GO amplitude Go. This is
true because a larger value of Go causes P(i) to increase faster.
because of Equation 3. and thus P{[) can approach T faster. In
contrast. IIi) can respond only to the rapidly changing values
of T -P{[) at the constant rate a. As a result. I(i) tends to be
larger at a time i = io when P{[o) = T if Go is large than if Go is
small. It therefore takes J'(t) longer to equal 0 after i = io if
Go is large. Thus PIt) overshoots T more if Go is large. This
covariation of amount of overshoot with overall movement velocity is a speed-accuracy trade-off.
Fitts's law. as described in Equation I. relates movement
time. distance. and target width. The target width may be
thought of as setting the criterion for what counts as an error.
The law may be given t""o complementary readings. The first
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notes that for a fixed movementtime. error grows in proportion
to amplitude. This component of the law was discovered by
Woodworth (1899). Table 1 presents simulation results based
on the same parameterchoices used in Figure 18. The results
showthat in a parameter range where model overshooterrors
occur,the model's error also grows in proportion to amplitude.
In these simulations, Gowas held fixed, and T(O) -P(O) was
varied.
The second way of reading the law notes that to maintain a
fixed absolute-errorsize. or to fall within a targetzone of fixed
width, while increasing movementdistance. it is necessaryto
allow more time for completing the movement. In particular.
everydoubling of distance will add a constant amount, b. to the
time neededto perform the movement with the same level of
accuracy.Allo",'ing less than b more time for a movement of
twice the distance will lead to a lessaccuratemovement.
Table 2 presentsthe results of a simulation (parametersas in
Figure 18)in which the rate parametera was small enoughthat
modesterror resulted even at the smallestdistance. or initial
value of T(O)-P(O). that was tested. namely a distance of two
units. Then the distance T(O) -P(O) was repeatedlydoubled.
and the value of Goprogressivelydecreased.such that the error
levelwas held approximately constant. As can be seen. movementtime increasedapproximately linearly with eachdoubling
of distance. as required by a logarithmic relation between
movementtime and distance moved. :-.Iotethat the "errors"
shown in Tables I and 2 are defined relative to a mathematical
point. that is a target having zero width along the direction of
motion. If subjectsadjust their GO signalso that expectederror
is no greaterthan the width of a physicaltarget. then by choosing a TPC correspondingto the nearside of the target. they can
produce the "errorless" movementsrequired in the Fitts task.
The model's striking replication of the laws ofWood",'orth and
Fitts. togetherwith its other successesin experimental results.
increasesour confidencethat the VITE modelcapturessome of
the basic neural designprinciples that underly trajectory generation in vivo.
Woodworth's la"" is a consequenceof duration invariance in
the model. This can be seen from the mathematical analysis
provided in Appendix B. There it is proved that the PPC value
P(£)can be written in the form
P(t) = P(Q) + [T(Q) -P(Q)]q(r),

(11 )

given any continuous GO signal G(l). In Equation II. T(O) P(O)representsthe amount of contraction. or "distance" to be
moved. that is mandatedby the TPC value T(O)and the initial
PPC value P(O). Function q(l) is independentof P(O)and T(O).
By Equation II. P(l) approachesT(O)as q(l) approachesI. and
P(t) overshootsor undershootsif q(l) approachesa value greater
or lessthan I ~respectively.Becauseq(l) is multiplied by T(O) P(O).the amount of error (undershootor overshoot).is proportional to distance.as in Woodworth's law.
Whereasthe proof of Woodworth's law is a general consequenceof duration invariance in the model. Fitts's lawhas been
mathematicallyproved in only one caseas of the presenttime
(Appendix A). although our computersimulations demonstrate
that it occurswith greatergenerality.In this case.the GO signal

.
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Table 2
For Fi.\"ed Error Lel'el, Dl/rarion GrOI\'S Linearly

Table I
!-t)r Fi.\"('(/ DllrClliclll, Errc)r (irml's

ill Prc)[1C)rtiCJ11
tv Di.l"lQllct!

"'irh Distance Dol/bling

~1o\"ementtime

Distance

Error

.56

10

.084

.56

20

.170

.059

2

.39

40
80

.349
.700

.057

4

.49

.058
.059
.057
.059

8

.59

16
32

.70
.80

64

.91

Error
.56
.56

G(t) switches on from value 0 at times l < 0 to the constant
\OalueGo > 0 at times l ~ 00 In addition. Go is chosen sufficiently
large to generate overshoot errors. In particular. when 4Go > a.
.\IT

= ~ !Og(
a

T(O)

-P(O»
E

(12)
)

\vhere E is the amount of overshoot error in the VITE com-

mand.
Theseinstancesof Woodworth's lawand Fitts's laware.generated by the VITE circuit itself. without the intervention of visual feedback. A number of authors have commented on the
applicability of theselaws when visual feedbackis inoperative.
Forexample.Keele(1982. pp. 152-153)has\vritten.
What is the underlying nature of the movement system that yields
Fitts' Law? ..One factor is the intrinsic accuracy of the motor
control system when ,.isualleedback is unavailable. When the eyes
are closed during a movement (or the lights are turned off). an
average movement will miss target by about 7"'" of the total distance

moved.
R. A. Schmidt (1982. pp. 253-254) summarized error functions for sighted and blind movementsacross various movement times from studiesby Keeleand Posner( 1968)and Zelaznik. Hawkins. and Kisselburgh(1983). A clear speed-accuracy
trade-off was observed. Meyer et al.. (1982. p. 450) have reviewed data comparing the initial impulse phase of a movement. where visual feedbackis unimportant. with the subsequent current-control phase. where visual feedback may be
usedto improve accuracy.They noted that
the initial-impulse phasewas found to contribute directly to the
speed-accuracytrade-off. Evenwhen subjectshad to perform with
their eyesclosedand relied onjust this phaseto executetheir movements. they still produced a trade-off. ..Models that attempt to
accountfor the speed-accuracytrade-off. ..must include mechanismsthat modulate the trade-offduring the initial-impulse phase.
not just during the current-control phase.

The VITE circuit's ability to reproduce both Woodworth's law

Distance

Movement time

and Fitts's lawas emergentproperties of the PPC updating processsatisfiesthis requirement.
It should beemphasizedthat the VITE circuit is alsocapable
of generatinga PPC that approachesthe TPC without error in
some parameter ranges (Appendix A). In these parameter
ranges,an undershooterror will occur if the GO signalis prematurely terminated or if the effectsof small DV signalsget lost in
ambient cellular noise. A range effect has also been reported
(Georgopoulos. 1986. p, 151) such that "subjects tended to
overshootthe targetin small mo"ements(1.5 cm) and to undershoot in large movements(40 cm):' A number of factors may
influence this result. For example. during high-speed small
movements.auxiliary circuits for controlling the arm's inertial
effects may not havea sufficient opportunity to act (Grossberg
& Kuperstein, 1986. chapters 3 and 5). During large movements. the distance to be moved may be visually underestimated,therebyleadingto instatementof an incorrectTPC. The
choice of GO signal amplitude as a function of target distance
maycontribute to the rangeeffect. The relative importance of
suchfactors will be easierto assessas newexperimentsand the
theoryare progressivelyelaboratedwith the aid of the quantitative VITE circuit analysisthat is provided herein.
Even the definition of ",'hat constitutes a movement error
during ecologically useful motor behavior deserves further
commentary. For example. Carlton (1979) asked subjects to
keeptheir movementerrors below 5C10,
Subjectstypically chose
a two-part movement strategywhose first velocity component
undershot the target and whose second velocity component
made the final approach to the target at a much lower speed.
Such results suggestthat subjects found it easierto achieve
greateraccuracyby breaking up the movementinto parts than
by launching the movementballistically over the full distance.
T~e first movement part. albeit strictly speaking an "undershoot error:' provides the occasion for updating TPCs and
choosing small GO signalsduring the final part of the movement, therebyachievinghigh accuracywithout too great an in-

Fi,~ure2_~.(A) Simulation of movementduration (in seconds)as a function of peak velocity (degreefs)for a
30. (lower curve) and a60. (upper curve) movement. (Parametersfor Equations2. 3. and 6: a = 30. n =
1.4. p = I. and 'Y = 0.) (8) Data on agonistburst duration (squares)and antagonistburst onset time (dots)
asa function of peak velocity (radiansfs)for a 60. movement.(Reprinted with permissionfrom Lestienne.
1979.)
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Table 3
C(l/llpari.~(JI/ I.!' Thrc£' .\/o,/e/s' .4bilitie.s tv Predict Data
1.11/
Peak Accderati£1I/

(P)

10.
60.

.692

20'
60'

.554
.692

376"
722"

Minimum-jerk model
(Simulation)

:!O'

'~ 4
.~.

60'

.692

394.
854.

VITE model
(Simulation)

~O'

,-t
.-:-..
.692

3960
11170

VITE. model
(Simulation)

60.
.\ilt",

Bizzi. Accornero. Chapple,
& Hogan (1984)
(Experimental data)

.554

VITE = Vector-integration-to-endpoint.

creasein total movementduration. BecauseGO signal adjustments may also be necessaryduring the final components of
suchcompositemovements.thesecomponents mayalso obeya
speed-accuracytradeoff. as Carlton ( 1979)found.

28. Computer Simulation of PeakAccelerationData
Bizzi et alo (1984) measuredthe peak accelerationsof medium-speed forearm movementsby mon~eys.They considered
movementsaround the elbow that swept out 20. and 60.0 In
Table 3. a computer simulation is compared with their data. To
make this comparison.we scaled I time unit in our simulation
to equal 10 ms. We then chosetwo valuesof the GO amplitude
parameter Go that generatedtrajectories of duration approximately equal to 554 ms and 692 ms. respectively.Becauseof
duration invariance (Section 21). the same durations obtain
given these choices of Go over a wide range of choices of the
distance measure T(O) -P(O). The fact that movements\\Oere
:'0. or 60. \\Oas
translated into the constraint that the T(O) P(OJvalue correspondingto the smaller choice of Go must be
chosen3 times largerthan the T(O) -P(O) value corresponding
to the larger choice of Go. Then we searched for values of
nO) -P(O) that gavethe best fit to the peak accelerationdata
subjectto this constraint.
The result is compared in Table 3 with the data and with the
fit of Hogan's (1984) minimum-jerk model. The VITE model
fit thesedata substantiallybetterthan the minimum-jerk model.
The values associatedwith the VITE+ model indicate that a
perfect fit can be obtained (with Figure 18 parameters)if DV
readoutto the shunting stage.rather than being instantaneous.
occurs overa brief interval whose length is proportional to the
sizeof the DV.
As noted in Section II, the minimum-jerk model also erroneously predicts a symmetric velocity profile, at least at the
le\'el of the central controller. Moreover. it is hard to see how
this modelcould explain the velocity amplification that occurs
during targetswitching (Section10). Finally,the minimum-jerk
model does not contain any representationthat may be com-

pared with the existenceof vector cells or with the manner in
which vector cell activities are integrated into outflow move.
ment commands (Section 12). We therefore believe that the
VITE model provides a better foundation for developing a
quantitative neurally basedtheory of arm movementsthan does
the minimum-jerk model. The VITE model. in addition to th~
model circuits developedin Grossbergand Kuperstein (1986),
also provides a mechanistic neural explanation of some of the
types of invariant behaviors for whose analysis the task-dynamic approach to motor control was developed(Saltzman &
Kelso, 1987).

29. Updating the PPC Using Inflow Signals
During PassiveMovements
Despitethesesuccesses.
the VITE model,as described.is far
from complete. In this sectionwe outline a solution to one additional designproblem. Bullock and Grossberg(1987)suggested
solutions to a number of the other designproblems whereby
a VITE circuit can effectively move an arm of variable mass
subjected to unexpected perturbations at \'ariable velocities
through a :-.Jewtonian
world.
In Section5. we noted that inflow signalsare neededto update the PPC during a passivemovement. For example. Gellmann, Gibson. and Houk (1985) havedescribedcells in the cat
inferior olive that are sensitiveto passivebody displacementbut
not to active movement.and Clark. Burgess.Chapin. and Lipscomb (1985) have analyzed muscle proprioceptive contributions to position senseduring passivefinger movementsin humans.Two basicproblems motivate our modelofPPC updating
by inflow signals.First. the processof updating the PPC during
passivemovements must continue until the PPC registersthe
position coded by the inflow signals.Thus a difference vector of
inflow signalsminus PPC outflow signalsupdatesthe PPCduring passivemovements.Wedenotethis differencevector by D J~
to distinguish it from the DV that comparesTPCs ~'ith PPCs.
At times when DJ'p = 0, the PPC is fully updated.Although the
DJ"pis not the same as the DV that comparesa TPC with a
PPC. the PPC is a source of inhibitory signals.as ~ill be seen
shortly. in computing both differencevectors.
Second.PPC outflow signalsand inflow signalsmay. in principle. becalibrated quite differently. We will sho~'ho~'corollary
dischargesof the PPC outflow signals are adaptively recalibrated until they are computed in the same numerical scaleas
the inflow signalsto which they are compared. We also show
that the adaptive recalibration mechanismautomatically computes aDJ.p that updatesthe PPC by just the correct amount.
Figure 26 schematizesa model circuit for adaptivelycomputing this DJ 'p.We call this circuit the passiveupdate ofposition
(PUP)model. In Figure 26, the PPCsendsinhibitory corollary
dischargesignalstoward the outflow-inflow match stagewhere
the inflow signalsare registered.It is assumedthat this stageis
inhibited exceptwhen the movementcommand circuit is inactive. A simple way to achievethis property is to assumethat
the GO signal in the movementcommand circuit inhibits the
outflow-inflow match stage. as in Figure 26. Thus the mismatchesof outflow and inflow signals that occur during every
active movementdo not erroneouslyupdatethe outflow-inflow
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cally.the PPC representsthe sameposition asthe inflow signals.
but perhaps in a different numerical scale.The learning laws
described in Appendix C define LTM traces that change until
the PPC multiplied by the LTM trace equalsthe inflow signal.
After a number of such learning trials during stable posture.
D Vp = 0 and the PPC signalsare rescaledby the LTM tracesto
match correctly the inflow signals.
During a passivemovement. the PPC does not change. but
the inflow signal may change. If the DVp becomespositive. it
causesan increasein the PPC until the D Vpdecreasesto 0 and
the PPC is correctly updated by the inflow signals. If the D Vp
becomesnegative,then the D Vp of the opponent muscle can
decreasethe PPC until a match againoccurs.

PASSIVE
MOVEMENT
UPDATE
SIGNAL

INFLOW
SIGNAL
Fi~urt' -'6 A passive update of position (PL!P) circuit. PPC = presentposition command. DV = difference vector. (An adaptive pathway
PPC -DI.p
calibrates PPC-outflow signals in the same scale as inflow
signals during intervals of posture. During passive movements. output
from DV equals zero. Hence the passive difference vector DVp updates
the PPC until it equals the new position caused by any passive movements that may occur because of the application of external forces.)

match stage.In addition. the GO signal is assumedto inhibit
learning at the long-term memory (LTM) traces that multiply
the PPCsignalson their wayto the outflow-inflow match stage.
This assumptionis consistentwith the arm movementresults
of Evartsand Fromm (1978). which showedgreatermodulation
of\"ector cells in precentral motor cortex by inflow signalsduring small slow movements than during posture. and strongly
attenuated modulation during large fast movements. In the
model. the amount of attenuation increaseswith the size of the
GO signal. The gatingsignal that attenuatesthe inflow process
may be a nonlinear (e.g.. sigmoid) function of the GO signal.
Parametric analysis of the degree of inflow attenuation as a
function of overallactive movementspeedwould provide valuable information about the form of this hypothesizedgating
signal.
After a movement is over. both the outflow-inflow match
stageand the LTM traces are releasedfrom inhibition. Typi.

30. Concluding Remarks
The present article introduces a circuit for automatically
translating a target-position command into a complete movement trajectory via a mechanismof continuous vectorupdating
and integration. A wide variety of behavioraland neural data
can be explained quantitatively by this mechanism.The model
also providesa foundation for clarifying some of the outstanding classicissuesin the motor-control literature. highlights the
relevanceof learning constraints to the design of neural circuitry. and may be viewed as a specialized version of a more
generalarchitecture for movementcontrol.
The VITE circuit and the PUP circuit do not. however.exhaustthe total neural machinery neededfor the contro! of arm
movements.Mechanismsfor properlytimed sequentialreadout
of TPCs in a serial motor plan. such as during reaching and
grasping or during a dance (Grossberg& Kuperstein. 1986.
chapter 9). for adaptive linearization of a nonlinear muscle
plant (Grossberg& Kuperstein. 1986. chapter5). and for automatically or predictively adapting to the inertial properties generated by variable loads and velocities (Bullock & Grossberg.
1987) also form essential parts of the arm-control system.
When all of thesesystemsarejoined together.however.one can
begin to understandquantitatively howthe arm systemachieves
its remarkable flexibility and versatility and can begin to build
a newtype of biologically inspired adaptive robot whosedesign
is qualitatively different from the algorithms offered by traditional approachesto artificial intelligence.
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Appendix A

.

Bell-ShapedVelocityProfile. Fitts's Law. and StaggeredOnsetTimes
This Appendix solvesthe systemofequations
!!. I" = a( -r' + T -P)

dl
d
dl

(AI)

(A2)

-?=G[/l+

under the simplifying assumption that the GO signal G is a step function, Then the system can easily be integrated to demonstrate some basic properties,
In many situations. the system starts out in an equilibrium state such
that the pre~nt-position
command (PPC) equals the target-position
command (TPC), Then a new TPC is s"'itched on. and the system approaches a ne\' equilibrium, Before the ne"' TPC is switched on. P = T
in Equation A I, Becau~ the system is at equilibrium. dl'jdt = O. Thus
by Equation A I. it also follows that I' = 0 under the~ circumstances,
Suppo~ that a new TPC value is s"'itched on at time t = O. If the
system repre~nts an agonist muscle. then T(O) > P(O) so that the PPC
increa~s \\hen T(O) turns on. thereby causing more contraction of its
target muscle group, Thus by Equation A I.

.(0) = o.

P(l) = P(O)+ [T(O) -P(O») l'

BecausedP/dt providesan estimateof the arm's velocity profile. Equation A9 illustrates the property of duration invariance in the special
casethat G(t) isconstant. Duration invariance is proved using a general
G(t) in Appendix B. Equation A9 also illustrates how the velocityprofile
can respondto a suddenswitch in theTPC with a gradual increasethen
decreasein its shape,although g(t) assumesa different form if a> 4G.
a = 4G.ora <4G. When a > 4G,
g(t) = ",-~G~~

e-QI~1 [ etl~~

Va- -4aG

Term [ exp(~~)]

-[ exp( -~~)]

exp[ -i

l] decreasesexponentially toy.ard the value 0 at a fasterrate,

(A4)

17- g(l)dl = I.

To solve Equations A I and A5. we differentiate Equation A I at times
( ~ O. Then

(A6)

becauseT is constant. Substituting Equation A5 into Equation A6
yields

-

d t-,J+a-

dt

+ aGJ'= O.

g(t) = aGte-a/~l.

= G(I).

Integration of Equation A9 yields

(AI3)

Again. the velocity profile gradually increases then decreases. but it
starts to increase linearly before it decreases exponentially. The function
in Equation A 13 also satisfies Equation A 12. so that accurate mo'"ement
or undershoot occur. depending on the duration of the GO signal.
The case of a < 4G deserves special attention. In this case. the rate G
","ith which P is updated in Equation A2 exceeds the ability of the rate
,~ in Equation A I to keep up. As a result. an overshoot error can occur.
In particular.
v4aG
g(t) = ~~

-a-

( V~ 2
e-"/2ISin

.,
if 0 S I S .I.:T
V4aG

(

)

(AI4)

.,
,.

When

-,,-

I exceeds '1.:1r
v4aG

,.

function

gIll.

and

-a-

thus ~C(/).becomes negative. By Equation A2. [~\II]+

= 0 when I ex-

.,

ceeds '1.:1r
, .so that by Equation A2. P(t) stops moving at this
V4aG -atime. The movement time (MT) in this case thus satisfies

where!(I) is independent of T(O) and PIa). Thus 1"(1)equals the initia!
difference between the new TPC and the initial PPC multiplied by a
function (I). which is independent of the new TPC and the initial PPC.
By Equation A~.

(A9)

(AI2)

By EquationsAID andAI?. P(l) increasestoward Tas l increases.Thus
P(l) eitherapproachesT(O)with an arbitrarily small error. or an undershoot error occurs if the GO signal is sy.'itchedoff prematurely.
If a = 4G. then

(A7)

subjectto the initial data in EquationsA3 and A4.
This equation can besolvedby standardmethods.The solution takes
the form
~'(t) = [T(O) -P(O)]f(t),
(AS)

where!(I)

in Equation A II

increasesexponentially from the \alue 0 at 1 = O. whereas term

(A5)

d

(All

-e-I/~~].

The net effectis a velocity function that increasesthen decreasesy.ith
an approximately bell-shapedprofile. In addition. ~([) 2:0 and

Consequentl~''\1) ~ 0 for all times I such that 0 .s I .s T. whereT is the
first positivetime. possibl~'infinite. at which' I T) = O. While' II) ~ O.
it 10110,,"s
by Equation A2 that

d2.

(A 10)

(A3)

and

d~. J = a( -"d(dJ. -"di")
tiP .
di1

g(v)dv.

.\!T='I.

21T

V4aG -a-

(A15)

Within this time frame. the velocity profile is the symmetric function
sIn
2
I ) mu I ttp
. I Ie
' db y t hd
e ecaymg.
. hence asymmetric.. Iiun.c. Y4aG-a~

(

tion ('-aI2l. Greater overall symmetry

of g(t) is achieved if the rate

~
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V*aG-,,:
.,

\\"ith\\"hichthe sinejunction changesis rapid relative to the

rate~ \\ith \\"hichthe exponential function changes:namely. if2G ~ a.

-.,'

Because PIt) stops changing at time t = ,,. ~
,. the final PPC
v4aG -a-

value found from Equation A 10is
P

(

-11",
.,

E.P=G[/']+=O.
dt

(A22)

Thus P remains constant until I' becomespositive. If a new TPC is
switched on at time t = 0 to an agonist muscle that satisfiesEquation
A21. then T(O) > Pia). By Equation AI, I' increasesaccording to the
equation

)

~ v + a V = a[T(O) -P(O)],

V4aG -a~

(A23)

where a( T(O) -P(O)] is a positive constant. until the time I = I, at which
~III) = O. Thereafter [~1+ = ~. > 0 so that ~-'and P mutually influence

= P(Q)+ [T(Q) -P(Q)](I + e-(aw/V4;G:;!». (AI6)
Thus an overshooterror occursof size

each other through Equations A I and AS.
Time I, is computed by integrating Equation AIO. We find

V(/) = J.'(O)e-OI+ [T(O) -P(O)](I
E = [T(O) -P(O)]e-("~/'fi;;G:-;;5).

-e-O')

(A24)

(A 17)
forO oSI oS[I. By Equation 21.

In accordance with Woodworth.s law. the error is proportional to the
distance [T(Q) -P(O!). Fitts.s law can be derived by holding E constant
in Equation A 17 and varying [T(O) -PIa)] to test the effect on the MT
in Equation A 15. Substituting Equation A 15 into A 17 shows that

E = [T(O) -P(O)]e-a.\tTI2.

(A18)

hich implies Fills.s la~'

.\IT = ~ 10g(I!Ql~~)

.(A

19)

1\/) = -P(O) + T(O)(I -e-OI).

Thus
I. -I-~

' [I
n

]

(

P(O»
-T(O).

"

(A -)6

-I

By EquationA26. (, isa function of the ratio of the initial PPC value to
the newTPC value.
For times ( ~ (I. EquationsA 1and A5 can be integratedjust as they
werein the precedingcase.Indeed.
1(/1) = 0

The initial condition 110) = 0 in Equation A3 obtains if the system
has acti,ely trackeda constantTPC until its PPCattains thisTPC ,alue.
Under other circumstances. 110) may be negati,e. When this occurs.
(d/dtIP in Equation A2 may remain 0 during an initial inter,al. while
11 t) increasesto nonnegativevalues.Thus P beginsto changeonly alter
a staggeredonsettime. A derivation of some propertiesof staggeredonsettimesfollow.
A negativeinitial ,alue of 110) may obtain if a particular muscle
group hasbeenpassivelymoved to a new position either by an external
force or by the prior activecontraction of other musclegroups. In such
asituation. PIt) may bechangedby the passiveupdateof position (PUP)
circuit (Section 29) even if T(t) = O. and 1"(11may track PIt) via Equation .-\ I until a newequilibrium is reached.Under thesecircumstances.
Equation A 1 implies that
0 = ~ V = a( -V + 0 -P).

(A20)

Ifwe assumethat this equilibrium value obtains at time 1= O. then

I"(O)=-P(O)<O.
and Equation ..\1 implies that

(A21)

(A25)

(A27)

by th~definition of 1,. and

~'O(/.)=a[T(O)-P(O)]

(A28)

by EquationsA23 and A28. The initial data in EquationsA27 and A28
are the sameas the initial data in EquationsA3 and A4 exceptfor a shift
of 11time units. Consequentlyif the GO signal onsettime isalso shifted
by II time units. then it follows from Equation A8 that at times 1~ 11.
,oct) = [T(O) -P(O)]f(/-/.).

(A29)

An estimate of such a velocity profile is found by piecing together
EquationsA24 and A29. Thus
d
-P
dl

0
= i
l G[T(O) -P(O)]f(1

-II)

for

0 oSI < II

for

II oSI

(A30)

Equation A30 illustrates how a velocity profile with a staggeredonset
time can occur if 1"(0)< O. As shown in Section25. the vector-integration-to-endpoint (VITE) command to a musclegroup can compensate
for a staggeredonset time if its difference vector is multiplied by the
sameGO signalas other musclesin the synerg): In this case. the GO
signalonsettime is not shifted to match the onsettime of eachcomponent of the VITE command.
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Appendix B

Synchronyand Duration lnvariance
Consider Equations A I and A:! under the influence of an arbitrary
nonneg;ltive and continuous GO function G(r). As in Appendix A.let

Thus by Equations8 I and89. both V and Q start out with 0 valuesat

1=0.
Now define new variables

."(0) = 0

(81)

and P = Tbefore T is switched to a new value. Suppose for definiteness
that T(t} switches from the \~lue To to TI at time r = 0 and that
T1 > To = P(O).

v(t) = ~
T2
and

q(t)=~ .

(82)

Consequently.equations

By EquationsB7 and B8. thesevariablesobey the equations

E-1"=a(-I"+T-P)

dt

(83)

d
dt
-L'

and

= a( -L'

+

I -q)

(812)

and

(84)
hold for T ~ ( ~ O. Define the new present-positioncommand variable

d = GL'
;jiq
In addition.
L'(O) = q(O) = 0

Q(t)=P(t)-To.
and the ne" target-positionconstant
T2 = T, -To.

(86)

Then Equations83 and 84 can bereplacedby equations

dt
E.1"=a(-I.+T,-Q) -

(814)

(85)
by Equations 81 and 89. It is obvious that a unique solution of
Equations812 through 814 obtains no matter how T2and T1are chosen,ifT~> TI.
8y combining Equations82,85.86. and 8 II, we find that
P(t) = P(O) + [T1 -P(O)]q(t),

(87)

and

(815)

whereq(l) is independentof T, and P(O). Equation 815 provesduration
invariance given a general GO function G(l). Indeed. differentiating
Equation 815 yields

d
d(Q=GJ

(88)

d
d
diP=[T,-P(O)]diQ(l).

(816)

for t ~ O. By Equation B2.

Q(O) = O.

(89)

which shows that function dqjdl
tion A9.

generalizes function g(r) in Equa-

~
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Appendix C
PassiveUpdate of Position
Descri"ptionsof mathematicalequationslor a passiveupdate of position (PUP) circuit follow. As in our description of a vector-integrationto-endpoint (VITE) circuit. equationsfor thecontrol of a single muscle
group will bedescribed.Opponent interactionsbetweenagonistand antago.nistmusclesalso existand can easily beadded oncethe main ideas
are understood.
The PL'P circuit supplementsEquationCI

!!.
,

,

p=G[rl+.

(Cl)

(

","herebythe present-positioncommand (PPC)integratesdifferencevectors through time. A PUP circuit obeysthe lollo\\"ingequations:
present-positioncommand.

~ P = G[Jl. + Gp[.\/]+:

(C2)

outllo\\i-inflo\\' interlace.

-d
d

.\1 = -d.\1

T if

I

-=P:

(C3)

adapti\e gain control.

match between inflow and outflow signals accurately encodesa correctly updated PPC. Adaptive recalibration proceedsas follows.
In Equation C4, the learning-rateparameter.l is chosento be a small
constant to assurethat = changesmuch more slowly than .\for P. The
passivegating function Gp also modulates learning, because = can
changeonly at times when Gp> O. At suchtimes. term -,= describesa
very slow forgetting processthat prevents = from getting stuck in mistakes.The forgetting processis much slower than the processwhereby
: growswhen [.\f]+ > O. Becausefunction .\f reactsquickly to its inputs
-yl and -=P. as in Equation C5. term [.\/)+ > 0 only if
i'I>

il

.\[~-(,I-:P).

(C5)

= =P*.

(C7)

wherep. is the outflow command typically associated\vith I. Thus by
EquationC5.

Thus
1

(C6)

The outflo'" signal P is multiplied. or gated. by = on its ""3y to the match
interface",'here.\1 is computed (Figure 26).
Because= changesonly ",'hen the muscleis in a postural. or a passive.
state. terms -yl and P typically representthe sameposition. or state of
contraction. of the musclegroup. Then Inequality C6 saysthat the scale
-yl for measuringposition I using inflow signalsis larger than the scale
:P for measuring the same position using outflow signals. When this
happens.= increasesuntil.\! = 0: namely. until outllo\\ and inllo'" measurementscalesare equal.
On an occasionwhen the arm is passivelymovedby an extemallorce.
theinflo"" signal., I may momentarily begreaterthan the outflow signal
:P. Becauseof pastlearning. however.the inflow signalsatisfies

(C4)
The match function .\/ in Equation C3 rapidly computes a time average of the difference between inno,,' () I) and gated outno'" (=P) signals.

=P.

.\/

-

~ =- (p'
,j

-P),

ICS)

13

If the intlo\\' signal ')'1 exceeds the gated outflow signal =P. then [.\/]+ >
0 in Equation C5. Otherwise [.\l]. = O. The pa~si1'e,-.rarin.~"timcrionGp
in Equation C~ is positive only \\"hen the muscle is in a passive. or po~
tural. state. In particular. Gp > 0 only when the GO signal G(r) ==0
in the \lTE circuit. Figure ~6 assumes that a signal ([G([)] inhibits a
tonically acti\e source of the gating signal Gp. Thus Gp is the output
from a "pauser' cell. \\"hich is a tonically acti\e cell \\'hose output is
attenuated during an active movement. Such cells are \\ell-known to
occur in saccadic eye-movement circuits (Grossberg & Kuperstein.
19~6: Luschei & Fuchs. 1972: Raybourn & Keller. 1977). If both Gp
and [.\1]" are positive in Equation C:.. then tiP/tir > O. Consequently. P
increases until \1 = O. that is. until the gated outl10\\ signal =P equals
the intlo\\ signal ')'/. At such time. the PPC is updated to match the
position attained by the muscle during a passive movement. To see why
this is true. "e need to consider the role of function = in Equations C3
and C~.
Function = is a long-term memory (L TM) trace. or associative \veighL
\\"hich adaptively recalibrates the scale. or gain. of outflow signals until
they are in the same scale as inflow signals. Using this mechanism. a

By EquationsC2 and C8. P quickly increasesuntil it equalsp*, Thus.
after learning occurs. P approaches P*. and .\1 approaches0 \'ery
quickly. so quickly that any spurious n~' learning which might have
occurred becauseof the momentary mismatch created b~'the onsetof
the passivemovementhaslittle opportunit~ to occur. because= changes
slowl~'through time, \\'hat small deviations may occur tend to average
out becauseof the combined action of the slow forgetting term -,= in
Equation C4 and opponentinteractions.
EquationsC3 and C4 usethe sameformal mechanismsas the headmll,f,'/einr"r:faceIHMI) describedb~'Grossbergand Kuperstein(1986).
The HMI adaptivel~'recodesa visually activated target position coded
in headcoordinates into the same target position coded in agonist-antagonist musclecoordinates. Sucha mechanism for adaptivematching
of t\\'O measurementscalesmay be used quite widel~' in the nervous
s~stem,We thereforecall all such s~stemsadapri\'e \'ecrorencoders,
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