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A neural network architecturefor thelearning of recognitioncategoriesis derived. Real-time
network dynamics are completely characterizedthrough mathematical analysisand computer
simulations. The architectureself-organizesand self-stabilizesits recognitioncodes in response
to arbitrary orderings of arbitrarily many and arbitrarily complex binary input patterns.
Top-down attentional and matching mechanisms are critical in self-stabilizing the code
learning process. The architecture embodies a parallel search scheme which updates itself
adaptively as the learning processunfolds. After learning self-stabilizes.the searchprocessis
automatically disengaged.Thereafter input patterns directly access their recognition codes
without any search.Thus recognition time does not grow as a function of code complexity. A
novel input pattern can directly accessa categoryif it sharesinvariant properties with the set
of familiar exemplars of that category. These invariant properties emerge in the form of
learned critical feature patterns, or prototypes. The architecturepossessesa context-sensitive
self-scaling property which enablesits emergentcritical feature patterns to form. They detect
and remember statistically predictive configurations of featural elements which are derived
from the set of all input patterns that are ever experienced. Four types of attentional
process-priming, gain control, vigilance, and intermodal competition-are mechanistically
characterized. Top-down priming and gain control are needed for code matching and
self-stabilization. Attentional vigilance determineshow fine the learned categorieswill be. If
vigilance increases due to an environmental disconfirmation, then the system automatically
searches for and leaIlls finer recognition categories.A new nonlinear matching law (the ~
Rule) and new nonlinear associativelaws (the Weber Law Rule, the Associative Decay Rule,
and the Template Learning Rule) are neededto achievetheseproperties. All the rules describe
emergentproperties of parallel network interactions. The architecture circumvents the noise,
saturation, capacity, orthogonality, and linear predictability constraints that limit the codes
which can be stably learnedby alternative recognition models. c>1987Academic
Press.
Inc.~
1. INTRODUCTION: SELF-ORGANIZATION OF NEURAL
RECOGNITION CODES

A fundamental problem of perception and cognition concerns the characterization of how humans discover, learn, and recognize invariant properties of the
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neously emerge thrOUgll an individual's interaction with an environment, the
processesare said to undergo self-organization[1]. This article developsa theory of
how recognition codes are self-organized by a class of neural networks whose
qualitative features have beenused to analysedata about speechperception, word
recognition and recall, visual perception, olfactory coding, evoked potentials,
thalamocortical interactions, attentional modulation of critical period termination,
and amnesias[2-13]. Thesenetworks comprise the adaptiveresonancetheory (ART)
which was introduced in Grossberg[8].
This article describesa system of differential equations which completely characterizesone classof ART networks.The network model is capable of self-organizing, self-stabilizing, and self-scalingits recognition codes in responseto arbitrary
temporal sequencesof arbitrarily many input patterns of variable complexity..These
formal properties, which are mathematically proven herein, provide a securefoundation for designinga real-time hardware implementation of this classof massively
parallel ART circuits.
Before proceeding to a description of this class of ART systems,we summarize
some of their major properties and somescientific problems for which they provide
a solution.
A. Plasticity
Each system generatesrecognition codes adaptively in responseto a series of
environmental inputs. As learning proceeds,interactions betweenthe inputs and the
system generate new steadystatesand basins of attraction. These steadystates are
formed as the systemdiscoversand learns critical feature patterns, or prototypes,
that representinvariants of the set of all experiencedinput patterns.
B. Stability
The learned codesare dynamically buffered againstrelentless recoding by irrelevant inputs. The formation of steadystates is internally controlled using mechanisms that suppresspossiblesourcesof systeminstability.
C. Stability-Plasticity Dilemma: Multiple Interacting Memory Systems
The properties of plasticity and stability are intimately related. An adequate
system must be able to adaptively switch betweenits stable and plastic modes. It
must be capable of plasticity in order to learn about significant new events, yet it
must also remain stable in responseto irrelevant or often repeatedevents. In order
to prevent the relentlessdegradationof its learned codesby the "blooming, buzzing
confusion" of irrelevant experience,an ART systemis sensitive to novelty. It is
capable of distinguishing betweenfamiliar and unfamiliar events,as well as between
expected and unexpectedevents.
Multiple interacting memorysystemsare neededto monitor and adaptively react
to the novelty of events. Within ART, interactions between two functionally
complementary subsystemsare neededto process familiar and unfamiliar events.
Familiar events are processed within an attentional subsystem.This subsystem
establishes ever more precise internal representationsof and responsesto familiar
events. It also builds up the learned top-down expectationsthat help to stabilize the
learned bottom-up codes of familiar events. By itself, however, the attentional
subsystemis unable simultaneouslyto maintain stable representationsof familiar
categories and to create new categoriesfor unfamiliar patterns. An isolated attentional subsystem is either rigid and incapable of creating new categories for
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FIG. 1. Anatomy of the attentional-orienting system: Two successivestages, Fl and F2, of the
attentional subsystemencode patterns of activation in short term memory (STM). Bottom-up and
top-down pathways between Fl and F2 contain adaptive long term memory (LTM) traces which
multiply the signals in these pathways. The remainder of the circuit modulates these STM and L TM
processes.Modulation by gain control enables Fl to distinguish between bottom-up input patterns and
top-down priming, or template,patterns,as well as to match these bottom-up and top-down patterns.
Gain control signals also enable F2 to react supraliminally to signals from Fl while an input pattern is
on. The orienting subsystemgeneratesa reset wave to F2 when mismatches between bottom-up and
top-down patterns occur at Fl' This reset wave selectivelyand enduringly inhibits active F2cells until
the input is shut off. Variations of this architectureare depicted in Fig. 14.

unfamiliar patterns, or unstableand capableof ceaselesslyrecoding the categoriesof
familiar patterns in responseto certain input environments.
The second subsystemis an orienting subsystem that resets the attentional
subsystemwhen an unfamiliar eventoccurs.The orienting subsystemis essentialfor
expressingwhether a novel pattern is familiar and well representedby an existing
recognition code, or unfamiliar and in need of a new recognition code. Figure 1
schematizesthe architecture that is analysedherein.
D. Role of Attention in Learning
Within an ART system,attentional mechanismsplaya major role in self-stabilizing the learning of an emergentrecognition code. Our mechanistic analysis of the
role of attention in learning leadsus to distinguish betweenfour types of attentional
mechanism: attentional priming, attentional gain control, attentional vigilance, and
intermodality competition. Thesemechanismsare characterizedbelow.
E. Complexity
An ART system dynamically reorganizesits recognition codes to preserve its
stability-plasticity balanceas its internal representationsbecome increasinglycomplex and differentiated through learning. By contrast, many classical adaptive
pattern recognition systemsbecomeunstable when they are confronted by complex
input environments. The instabilities of a number of these models are identified in
Grossberg[7,11,14]. Models which becomeunstablein responseto nontrivial input
environments are not viable either as brain models or as designs for adaptive

machines.
Unlike many alternative models [15-19], the present model can deal with arbitrary combinations of binary input patterns. In particular, it placesno orthogonalitv
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or linear predictability constraints upon its input patterns. The model computations
remain sensitiveno matter how many input patterns are processed.The model does
not require that very small, and thus noise-degradable,increments in memory be
made in order to avoid saturation of its cumulative memory. The model can store
arbitrarily many recognitioncategoriesin responseto input patterns that are defined
on arbitrarily many input channels.Its memorymatrices need not be square,so that
no restrictions on memory capacity are imposed by the number of input channels.
Finally, all the memoryof the systemcan be devoted to stable recognition learning.
It is not the case that the number of stable classifications is bounded by some
fraction of the number of input channelsor patterns.
Thus a primary goal of the present article is to characterize neural networks
capable of self-stabilizing the self-organization of their recognition codes in response to an arbitrarily complex environment of input patterns in a way that
parsimoniously reconcilesthe requirementsof plasticity, stability, and complexity.
2. SELF-SCALING COMPUTATIONAL UNITS, SELF-ADJUSTING ME.r..fORY
SEARCH, DIRECT ACCESS, AND A TTENTIONAL VIGILANCE

Four properties are basic to the workings of the networks that we characterize
herein.
A. Self-Scaling ComputationalUnits: Critical Feature Patterns
Properly defining signal and noise in a self-organizing systemraisesa number of
subtle issues.Pattern context must enter the definition so that input features which
are treated as irrelevant noise when they are embeddedin a given input pattern may
be treated as informative signals when they are embedded in a different input
pattern. The system'sunique learning history must also enter the definition so that
portions of an input pattern which are treated as noise when they perturb a system
at one stage of its self-organizationmay be treated as signals when they perturb the
same system at a different stage of its self-organization. The present systems
automatically self-scaletheir computational units to embody context- and learningdependentdefinitions of signal and noise.
One property of theseself-scalingcomputational units is schematizedin Fig. 1. In
Fig. la, eachof the two input patterns is composedof three features.The patterns
agree at two of the three 1'eatures,but disagreeat the third feature. A mismatch of
one out of three featuresmay be designatedas informative by the system.When this
occurs, thesemismatchedfeaturesare treated as signals which can elicit learning of
distinct recognition codes for the two patterns. Moreover, the mismatched features,
being informative, are inC(lrporatedinto these distinct recognition codes.
In Fig. lb, each of the two input patterns is composed of 31 features. The
patterns are constructed by adding identical subpatternsto the two patterns in Fig.
la. Thus the input patterns in Fig. lb disagree at the same features as the input
patterns in Fig. la. In the patterns of Fig. lb, however, this mismatch is less
important, other things being equal, than in the patterns of Fig. la. Consequently,
the systemmay treat the mismatchedfeatures as noise. A single recognition code
may be learned to representboth of the input patterns in Fig. lb. The mismatched
features would not be learned as part of this recognition code because they are
treated as noise.
The assertionthat critical featurepatterns are the computational units of the code
learning process summarizesthis self-scaling property. The term critical feature
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FIG. 2. Self-scaling property discovers critical features in a context-sensitiveway: (a) Two input
patterns of 3 features mismatch at 1 feature. When this mismatch is sufficient to generate distinct
recognition codes for the two patterns, the mismatched featuresare encoded in L TM as part of the
critical feature patterns of these recognition codes.(b) Identical subpatternsare added to the two input
patterns in (a). Although the new input patterns mismatch at the same one feature, this mismatch may be
treated as noise due to the additional complexity of the two new patterns. Both patterns may thus learn
to activate the same recognition code. When this occurs,the mismatched feature is deleted from L TM in
the critical feature pattern of the code.

indicates that not all featuresare treated as signalsby the system.The learned units
are patterns of critical featuresbecausethe perceptualcontext in which the features
are embedded influences which features will be processedas signals and which
features will be proc(~ssed
as noise. Thus a feature may be a critical feature in one
pattern (Fig. 2a) and an irrelevant noise elementin a different pattern (Fig. 2b).
The need to overcomethe limitations of featural processingwith some of type of
contextually sensitive pattern processinghas long been a central concern in the
human pattern recognition literature. Experimental studies have led to the general
conclusions that "the trace systemwhich underlies the recognition of patterns can
be characterizedby a central tendencyand a boundary" [20, p. 54], and that "just
listing featuresdoes not go far enoughin specifying the knowledge representedin a
concept. People also know somethingabout the relations betweenthe featuresof a
concept, and about the variability that is permissible on any feature" [21, p. 83]. We
illustrate herein how theseproperties may be achieved using self-scalingcomputational units such as critical feature patterns.
B. Self-AdjustingMemory Search
No pre-wired searchalgorithm, suchas a searchtree, can maintain its efficiencyas
a knowledge structure evolves due to learning in a unique input environment. A
searchorder that may be optimal in one knowledge domain may become extremely
inefficient as that knowledge domain becomesmore complex due to learning.
The ART systemconsideredherein is capable of a parallel memory search that
adaptively updates its search order to maintain efficiency as its recognition code
becomesarbitrarily complexdue to learning. This self-adjusting searchmechanism
is part of the network design whereby the learning process self-stabilizes by
engagingthe orienting subsystem(Sect.lC).
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None of these mechanismsis akin to the rules of a serial computer program.
Instead, the circuit architecture as a whole generatesa self-adjusting search order
and self-stabilization as emergentproperties that arise through systeminteractions.
Once the ART architectureis in place,a little randomnessin the initial values of its
memory traces, rather than a carefully wired searchtree, enablesthe searchto carry
on until the recognition code self-stabilizes.
C. Direct Accessto Learned Codes
A hallmark of human recognition performance is the remarkable rapidity with
which familiar objectscan be recognized.The existenceof many learned recognition
codes for alternative experiencesdoes not necessarilyinterfere with rapid recognition of an unambiguous familiar event. This type of rapid recognition is very
difficult to understand using models whereintrees or other serial algorithms need to
be searched for longer and longer periods as a learned recognition code becomes
larger and larger.
In an ART model, as the learned code becomes globally self-consistent and
predictively accurate, the search mechanismis automatically disengaged.Subsequently, no matter how large and complex the learned code may become, familiar
input patterns directly access,or activate, their learnedcode, or category. Unfamiliar
patterns can also directly accessa learned categoryif they share invariant properties
with the critical feature pattern of the category. In this sense,the critical feature
pattern acts as a prototype for the entire category.As in human pattern recognition
experiments, an input pattern that matchesa learned critical feature pattern may be
better recognizedthan any of the input patterns that gave rise to the critical feature
pattern [20, 22, 23].
Unfamiliar input patterns which cannot stably accessa learned category engage
the self-adjusting searchprocessin order to discovera network substrate for a new
recognition category. After this new code is learned, the searchprocessis automatically disengagedand direct accessensues.
D. Environment as a Teacher: Modulation of Attentional Vigilance
Although an ART systemself-organizesits recognition code, the environmentcan
also modulate the learning process and thereby carry out a teaching role. This
teaching role allows a system with a fixed set of feature detectors to function
successfully in an environment which imposes variable performance demands.
Different environments may demand either coarse discriminations or fine discriminations to be made amongthe same set of objects. As Posner[20, pp. 53-54]

hasnoted:
If subjects are taught a tight concept, they tend to be very careful about classifying any
particular pattern as an instance of that concept. They tend to reject a relatively small
distortion of the prototype as an instance,and they rarely classifya pattern as a memberof the
concept when it is not. On the other hand, subjects learning high-variability concepts often
falsely classify patternsas membersof the concept,but rarely reject a member of the concept
incorrectly. ..The situation largely determineswhich type of learning will be superior.

In an ART system, if an erroneous recognition is followed by negative reinforcement, then the systembecomesmore vigilant. This change in vigilance may be
interpreted as a changein the system'sattentional state which increasesits sensitivity to mismatchesbetweenbottom-up input patterns and active top-down critical
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feature patterns. A vigilance change alters the size of a single parameter in the
network. The interactionswithin the network respond to this parameter change by
learning recognition codes that make finer distinctions. In other words, if the
network erroneously groups together some input patterns, then negative reinforcement can help the network to learn the desired distinction by making the
system more vigilant. The system then behavesas if has a better set of feature
detectors.
The ability of a vigilance change to alter the course of pattern recognition
illustrates a theme that is common to a variety of neural processes:a one-dimensional parameter change that modulates a simple nonspecific neural process can
have complex specificeffects upon high-dimensionalneural information processing.
Sections 3-7 outline qualitatively the main operations of the model. Sections
8-11 describe computer simulations which illustrate the model's ability to learn
categories. Section 12 defines the model mathematically. The remaining sections
characterize the model's properties using mathematicalanalysisand more computer
simulations, with the model hypothesessummarizedin Section18.
3. BOlTOM-UP ADAPTIVE FILTERING AND CONTRAST-ENHANCEMENT
IN
SHORTTERM MEMORY

We begin by consideringthe typical network reactions to a single input pattern I
within a temporal stream of input patterns. Each input pattern may be the output
pattern of a preprocessingstage. Different preprocessingis given, for example, to
speechsignals and to visual signals before the outcome of such modality-specific
preprocessing ever reachesthe attentional subsystem.The preprocessedinput pattern I is received 1lt the stage F1 of an attentional subsystem. Pattern I is
transformed into a pattern X of activation across the nodes, or abstract "feature
detectors," of F1 (Fig. 3). The transformed pattern X representsa pattern in short
term memory (STM). In F1 eachnode whose activity is sufficiently large generates
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FIG- 3- Stagesof bottom-up activation: The input pattern I generatesa pattern of STM activation
X across FI- Sufficiently active FI nodes elnit bottom-up signalsto F2-This signal pattern S is gated by
long terln memory (L TM) traces within the Fl -0 F2 pathways-The LTM-gated signals are summed
before activating their target nodes in Fz-This LTM-gated and summed signal pattern T generatesa
pattern of activation Yacross Fz-The nodes in Fl are denoted by vI' VZ,---, VM-The nodes in Fz are
denoted by VM+l' VM+2'
VN-The input to node Vi is denoted by Ii- The STM activity of node Vi is
denoted by Xi- The L TM trace of the pathway from Vi to Vj is denoted by z;;-
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FIG. 4. Search for a corre<:tF2code: (a) The input pattern I generatesthe specific STM activity
pattern X at Fl as it nonspecificallyactivatesA. Pattern X both inhibits A and generatesthe output
signal pattern S. Signal pattern S is transformed into the input pattern T, which activates the STM
pattern Yacross F2. (b) Pattern Y generatesthe top-down signal pattern U which is transformed into
the template pattern V. If V mismatchesI at Fl' then a new STM activity pattern X. is generatedat Fl'
The reduction in total STM activity which occurswhen X is transformedinto X. causesa decreasein
the total inhibition from Fl to A. (c) Then the input-driven activation of A can releasea nonspecific
arousal wave to F2. which resets the STM pattern Y at F2. (d) After Y is inhibited. its top-down
template is eliminated, and X can be reinstatedat Fl' Now X once again generatesinput pattern T to
F2. but since Y remains inhibited T can activate a different STM pattern Y. at F2. If the top-down
template due to Y. also mismatchesI at Fl' then the rapid searchfor an appropriate F2code continues.

excitatory signals alongpathwaysto target nodes at the next processingstage F2. A
pattern X of STM activities across Fl hereby elicits a pattern S of output signals
from Fl. When a signal from a node in Fl is carried along a pathway to F2, the
signal is multiplied, or gated,by the pathway's long term memory (L TM) trace. The
LTM-gated signal (i.e., signal times LTM trace), not the signal alone, reachesthe
target node. Each target node sums up of all of its LTM-gated signals. In this way,
pattern S generatesa pattern T of LTM-gated and summed input signalsto F2 (Fig.
4a). The transformation from S to T is called an adaptivefilter.
The input pattern T to F2 is quickly transformed by interactions amongthe nodes
of F2.Theseinteractions contrast-enhancethe input pattern T. The resulting pattern
of activation across F2 is a new pattern Y. The contrast-enhancedpattern Y, rather
than the input pattern T, is stored in STM by F2.
A special case of this contrast-enhancementprocessis one in which F2 chooses
the node which receivesthe largestinput. The chosennode is the only one that can
store activity in STM. In general,the contrast enhancingtransformation from T to
Y enablesmore than one node at a time to be active in STM. Suchtransformations
are designedto simultaneouslyrepresentin STM severalgroupings, or chunks, of an
input pattern [9, 11, 24-26]. When F2 is designed to make a choice in STM, it
selects that global grouping of the input pattern which is preferred by the adaptive
filter. This process automatically enables the network to partition all the input
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patterns which are received by F1 into disjoint sets of recognition categories,each
corresponding to a particular node (or "pointer," or "index") in F2. Such a
categorical mechanismis both interesting in itself and a necessaryprelude to the
analysis of recognition codes in which multiple groupings of X are simultaneously
represented by Y. In the example that is characterized in this article, level F2 is
designed to make a choice.
All the LTM traces in the adaptive filter, and thus allleamed past experiencesof
the network, are used to determine the recognition code Y via the transformation
1 -+ X -+ S -+ T -+ Y. However, only those nodes of F2 which maintain stored
activity in the STM pattern Y can elicit new learning at contiguous L TM traces.
Becausethe recognition code Y is a more contrast-enhancedpattern than T, many
F2 nodes which receivepositive inputs (1 -+ X -+ S -+ T) may not store any STM
activity (T -+ Y). The LTM tracesin pathways leading to thesenodes thus influence
the recognition event but are not altered by the recognition event. Some memories
which influence the focus of attention are not themselvesattended.

4. TOP-DOWN TEMPLATEMATCHING AND STABILIZATIONOF CODE
LEARNING

As soon as the bottom-up STM transformation X -+ Y takes place, the STM
activities Y in F2elicit a top-down excitatory signal pattern U back to Fl (Fig. 4b).
Only sufficiently large STM activities in Y elicit signals in U along the feedback
pathways F2 -+ Fl' As in the bottom-up adaptive filter, the top-down signalsU are
also gated by LTM tracesand the LTM-gated signalsare summed at F1 nodes.The
pattern U of output signalsfrom F2 herebygeneratesa pattern Vof LTM-gated and
summed input signals to Fl' The transformation from U to V is thus also an
adaptive filter. The pattern V is called a top-down template,or learnedexpectation.
Two sourcesof input now perturb F1: the bottom-up input pattern I which gave
rise to the original activity pattern X, and the top-down template pattern V that
resulted from activating X. The activity pattern X* acrossF1 that is induced by I
and V taken together is typically different from the activity pattern X that was
previously induced by I alone. In particular, F1 acts to match V against I. The
result of this matching process determines the future course of learning and
recognition by the network.
The entire activation sequence

.l-+X-+S-+T-+Y-+U-+V-+X*

(1)

takes place very quickly relative to the rate with which the L TM traces in either the
bottom-up adaptive filter S -+ T or the top-down adaptive filter U -+ V can
change. Even though none of the L TM traces changesduring such a short time,
their prior learning strongly influences the STM patterns Y and X. that evolve
within the network by determining the transformations S -+ T and U -+ V. We now
discuss how a match or mismatchof I and Vat F1 regulatesthe course of learning
in responseto the pattern I, and in particular solvesthe stability-plasticity dilemma
(Sect. lC).
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FIG. 5. Matching by the ~ Rule: (a) A top-down template from F2 inhibits the attentional gain
control source as it subliminally primes target FI cells. (b) Only FI cells that receive bottom-up inputs
and gain control signals can become supraliminally active. (c) When a bottom-up input pattern and a
top-down template are simultaneouslyactive, only those FI cells that receive inputs from both sources
can become supraliminally active. (d) Intermodality inhibition can shut off the FI gain control source
and thereby prevent a bottom-up input from supraliminally activating Fl. Similarly, disinhibition of the
FI gain control source may causea top-down prime to becomesupraliminal.

The mismatched-mediatedsearchof L TM ends when an STM pattern across F2
reads out a top-down template which matches I, to the degreeof accuracyrequired
by the level of attentional vigilance (Sect.2D), or which has not yet undergone any
prior learning. In the latter case,a new recognition categoryis then establishedas a
bottom-up code and top-down template are learned.
6. ATTENTIONAL GAIN CONTROLAND ATTENTIONAL PRIMING

Further properties of the top-down template matching processcan be derived by
consideringits role in the regulationof attentional priming. Consider, for example,a
situation in which F2 is activated by a level other than Fl before Fl can be
activated by a bottom-up input (Fig. Sa). In such a situation, F2 can generatea
top-down template V to Fl. The level F1 is then primed, or sensitized,to receivea
bottom-up input that mayor may not match the active expectancy.As depicted in
Fig. Sa, level Fl can be primed to receive a bottom-up input without necessarily
eliciting suprathreshold output signals in responseto the priming expectancy.
On the other hand, an input pattern I must be able to generatea suprathreshold
activity pattern X evenif no top-down expectancyis active acrossF1 (Figs. 4a and
Sb). How does F1 know that it should generate a suprathreshold reaction to a
bottom-up input pattern but not to a top-down input pattern? In both cases,
excitatory input signalsstimulate Fl cells. Someauxiliary mechanismmust exist to
distinguish between bottom-up and top-down inputs. This auxiliary mechanismis
called attentional gain control to distinguish it from attentional priming by the
top-down template itself (Fig. Sa). While F2 is active, the attentional priming
mechanismdelivers e.~citatoryspecificlearned template patterns to Fl. The atten-
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tional gain control mechanismhas an inhibitory nonspecificunlearnedeffect on the
sensitivity with which F1 responds to the template pattern, as well as to other
patterns received by Fl' The attentional gain control processenables F1 to tell the
difference between bottom-up and top-down signals.
7, MATCHING:

THE ~ RULE

A rule for pattern matching at F1' called the t Rule, follows naturally from the
distinction between attentional gain control and attentional priming. It says that
two out of three signal sourcesmust activate an F1 node in order for that node to
generate suprathreshold output signals. In Fig. 5a, during top-down processing,or
priming, the nodes of F1 receive inputs from at most one of their three possible
input sources.Hence no cells in F1 are supraliminally activated by the top-down
template. In Fig. 5b, during bottom-up processing,a suprathreshold node in F1 is
one which receivesboth a specific input from the input pattern I and a nonspecific
excitatory signal from the gain control channel. In Fig. 5c, during the matching of
simultaneous bottom-up and top-down patterns, the nonspecific gain control signal
to F1 is inhibited by the top-down channel.Nodes of F1 which receive sufficiently
large inputs from both the bottom-up and the top-down signal patterns generate
suprathreshold activities. N'odes which receive a bottom-up input or a top-down
input, but not both, cannot become suprathreshold: mismatched inputs cannot
generatesuprathresholdactivities. Attentional gain control thus leads to a matching
process whereby the addition of top-down excitatory inputs to F1 can lead to an
overall decrease in F1's STM activity (Figs. 4a and b). Figure 5d shows how
competitive interactions acrossmodalities can prevent F1 from generatinga supraliminal reaction to bottom--up signals when attention shifts from one modality to
another.
8. CODE, INSTABILITY AND CODE STABILITY

The importance of using the t Rule for matchingis now illustrated by describing
how its absence can lead to a temporally unstable code (Fig. 6a). The system
becomes unstable when the inhibitory top-down attentional gain control signals
(Fig. 5c) are too small for the t Rule to hold at Fl. Larger attentional gain control
signals restore code stability by reinstating the t Rule (Fig. 6b). Figure 6b also
illustrates how a novel exemplar can directly access a previously established
category; how the categoryin which a givenexemplaris coded can be influenced by
the categorieswhich form to encodevery different exemplars; and how the network
responds to exemplars as coherent groupings of features, rather than to isolated
feature matches or mismatches.
Code Instability Example
In Fig. 6, four input patterns, A, B, C, and D, are periodically presented in the
order ABCAD. Patterns B, C, and D are all subsetsof A. The relationships among
the inputs that make the simulation work are as follows: D c C c A; B c A; B n
C = 4>;and IDI < IBI < ICI, where III denotesthe number of features in input
pattern I. The choice of input patterns in Fig. 6 is thus one of infinitely many
examplesin which, without the t Rule, an alphabetof four input patterns cannot be
stably coded.
The numbers 1,2,3,..., listed at the left in Fig. 6 itemize the presentationorder.
The next column, labeled BU for Bottom-Up, describesthe input pattern that was
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FIG. 6. Stabilization of categoricallearning by the ~ Rule: In both (a) and (b), four input patterns A.
B, C, and D are presentedrepeatedlyin the list order ABCAD. In (a), the ~ Rule is violated becausethe
top-down inhibitory gain control mechanismis weak(Fig. 5c). Pattern A is periodically coded by VM+\
and vM+2. It is never coded by a singlestable category. In (b), the ~ Rule is restored by strengthening
the top-down inhibitory gain control mechanism. After some initial recoding during the first two
presentations of ABCAD, all patterns directly accessdistinct stable categories. A black square in a
template pattern designates that the corresponding top-down L TM trace is large. A blank square
designates that the L TM trace is small.

presented on each trial. Each Top-Down Template column corresponds to a
different node in F2. If M nodes VI' V2"'" VMexist in FI' then the F2 nodes are
denoted by VM+I' VM+2"'" UN' Column 1 corresponds to node VM+I' column 2
corresponds to node v M+ 2' and so on. Each row summarizesthe network response
to its input pattern. The symbol RES, which stands for resonance,designatesthe
node in F2 which codes the input pattern on that trial. For example, vM+2 codes
pattern C on trial 3, and VM+ I codes pattern B on trial 7. The patterns in a given
row describe the templates after learning has equilibrated on that trial.
In Fig. 6a, input pattern A is periodically recoded.On triall, it is coded by VM+I;
on trial 4, it is coded by VM+2;on trial 6, it is coded by VM+I; on trial 9, it is coded
by VM+2' This alternation in the nodes VM+I and VM+2which code pattern A
repeats indefinitely.
Violation of the t Rule occurs on trials 4, 6, 8, 9, and so on. This violation is
illustrated by comparing the template of VM+2on trials 3 and 4. On trial 3, the
template of VM+2is coded by pattern C, which is a subsetof pattern A. On trial 4,
pattern A is presented and directly activates node VM+2' Since the inhibitory
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top-down gain control is too weak to quench the mismatched portion of the input,
pattern A remains supraliminal in F1 even after the template C is read out from
VM+2"No searchis elicited by the mismatch of pattern A and its subsettemplate C.
Consequently the template of VM+2is recoded from pattern C to its superset
pattern A.
Code Stability Example
In Fig. 6b, the t Rule doeshold becausethe inhibitory top-down attentional gain
control channel is strengthened. Thus the network experiences a sequence of
recodings that ultimately stabilizes. In particular, on trial 4, node VM+2reads-out
the template C, which mismatchesthe input pattern A. Here, a searchis initiated, as
indicated by the numbers beneath the template symbols in row 4. First, VM+2'S
template C mismatches A. Then VM+l'S template B mismatches A. Finally A
activates the uncommitted node VM+3' which resonates with F1 as it learns the
template A.
In Fig. 6b, pattern A is coded by VM+l on trial 1; by VM+3on trials 4 and 6; and
by VM+4on trial 9. Note that the self-adjusting search order in responseto A is
different on trials 4 and 9 (Sect.2B). On all future trials, input pattern A is coded
by VM+4.Moreover, all the input patterns A, B, C, and D have learned a stable
code by trial 9. Thus the code self-stabilizesby the secondrun through the input list
ABCAD. On trials 11-1.5, and on all future trials, each input pattern choosesa
different code (A -+ VM+4;B -+ VM+l;C -+ VM+3;D -+ VM+2). Each pattern belongs to a separatecategorybecausethe vigilance parameter(Sect. 2D) was chosen
to be large in this example. Moreover, after code learning stabilizes, each input
pattern directly activatesits node in F2 without undergoing any additional search
(Sect. 2C). Thus after trial 9, only the "RES" symbol appears under the top-down
templates. The patterns shown in any row between 9 and 15 provide a complete
description of the learned code.
Examples of how a novel exemplarcan activate a previously learned categoryare
found on trials 2 and 5 in Figs. 6a and b. On trial 2 pattern B is presented for the
first time and directly accessesthe category coded by VM+l' which was previously
learned by pattern A on trial 1. In other words, B activates the same categorical
"pointer," or "marker," or "index" as A. In so doing, B may changethe categorical
template, which determineswhich input patterns will also be coded by this index on
future trials. The categorydoes not change,but its invariants may change.
9. USING CONTEXT TO DISTINGUISH SIGNAL FROM NOISE IN PATTERNS
OF VARIABLE COMPLEXITY

The simulation in Fig. 7 illustrates how, at a fixed vigilance level, the network
automatically rescales its matching criterion in response to inputs of variable
complexity (Sect.2A). On the first four trials, the patterns are presentedin the order
ABAB. By trial 2, codingis complete.Pattern A directly accesses
node VM+l on trial
3, and pattern B directly accesses
node VM+2on trial 4. Thus patterns A and B are
coded by different categories.On trials 5-8, patterns C and D are presentedin the
order CDCD. Patterns C and D are constructed from patterns A and B, respectively, by adding identical upper halves to A and B. Thus, pattern C differs from
pattern D at the samelocations where pattern A differs from pattern B. Due to the
addition of theseupper halves,the network does not code C in the categoryVM+l of
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FIG. 7. Distinguishing noise from patterns for inputs of variable complexity: Input patterns A and B
are coded by the distinct (:ategorynodes VM+! and vM+2' respectively.Input patterns C and D include
A and B as subsets,but also possessidentical subpatterns of additional features.Due to this additional
pattern complexity, C arid D are coded by the same category node VM+3' At this vigilance level
(p = 0.8), the network treats the difference betweenC and D as noise, and suppressesthe discordant
elements in the vM+3 template. By contrast, it treats the difference between A and B as informative, and
codes the difference in the VM+I and VM+2 templates,respectively.

A and does not code D in the category VM+2of B. Moreover, becausepatterns C
and D representmany more features than patterns A and B, the difference between
C and D is treated as noise, whereasthe identical difference between A and B is
considered significant. In particular, both patterns C and D are coded within the
same categoryv M+ 3 on trials 7 and 8, and the critical feature pattern which forms
the template of VM+3does not contain the subpatterns at which C and D are
mismatched. In contrast, these subpatterns are contained within the templates of
VM+I and vM+2to enable thesenodes to differentially classify A and B.
Figure 7 illustrates that the matching processcompares whole activity patterns
across a field of feature-selectivecells, rather than activations of individual feature
detectors, and that the properties of this matching process which enable it to
stabilize network learning also automatically rescale the matching criterion. Thus
the network can both differentiate finer details of simple input patterns and tolerate
larger mismatchesof complex input patterns. This rescaling property also defines
the difference betweenirrelevant features and significant pattern mismatches.
If a mismatch within the attentional subsystemdoes not activate the orienting
subsystem,then no further searchfor a different code occurs.Thus on trial 6 in Fig.
7, mismatched features betweenthe template of v M+3 and input pattern D are
treated as noise in the sensethat they are rapidly suppressedin short term memory
(STM) at FI, and are eliminated from the critical feature pattern learned by the
VM+3 template. If the mismatch does generate a search, then the mismatched
features may be included in the critical feature pattern of the categoryto which the
searchleads. Thus on trial 2 of Fig. 6, the input pattern B mismatchesthe template
of node VM+I' which causesthe searchto selectnode VM+2'As a result, A and B
are coded by the distinct categories VM+I and VM+2' respectively. If a template
mismatchesa simple input pattern at just a few features,a searchmay be elicited.
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thereby enabling the network to learn fine discriminations among patterns composed of few features, such as A and B. On the other hand, if a template
mismatches the same number of features within a complex input pattern, then a
searchmay not be elicited and the mismatchedfeatures may be suppressedas noise,
as in the template of VM+3.Thus the pattern matching process of the model
automatically exhibits properties that are akin to attentional focussing,or "zooming
."

ffi.
10. VIGILANCE LEVEL TUNES CATEGORICALCOARSENESS:
DISCONFIRMINGFEEDBACK

The previous section showed how, given each fixed vigilance level, the network
automatically rescalesits sensitivity to patterns of variable complexity. The present
section shows that changesin the vigilance level can regulate the coarsenessof the
categories that are learned in responseto a fixed sequenceof input patterns. First
we need to define the vigilance parameterp.
Let III denote the number of input pathways which receivepositive inputs when
I is presented.Assume that each such input pathway sendsan excitatory signal of
fixed size P to A wheneverI is presented,so that the total excitatory input to A is
Pili. Assume also that each F1 node whose activity becomespositive due to I
generatesan inhibitory signal of fixed size Q to A, and denoteby IXI the number of
active pathways from F1 to A that are activated by the F1 activity pattern X. Then
the total inhibitory input from F1 to A is QIXI. When
Pili>

QIXI.

(2)

the orienting subsystem A receivesa net excitatory signal and generatesa non.
specific reset signal to F2 (Fig. 4c). The quantity
p

P= Q

(3)

is called the vigilanceparameter of A. By (2) and (3), STM reset is initiated when

IXI

p>~.

(4)

STM reset is prevented when

p~

IXI
III

(5)

In other words, the proportion lXI/III of the input pattern I which is matched by
the top-down template to generateX must exceed p in order to prevent STM reset
at F2.
While F2 is inactive (Fig. 5b), I XI = III. Activation of A is always forbidden in
this case to prevent an input I from resetting its correct F2 code. By (5), this
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constraint is achievedif
p ~ 1;

(6)

that is, if P ~ Q.
In summary, due to the t Rule, a bad mismatch at F1 causesa large collapse of
total F1 activity, which leads to activation of A. In order for this to happen, the
systemmaintains a measureof the original level of total F1 activity and compares
this criterion level with the collapsedlevel of total F1 activity. The criterion level is
computed by summing bottom-up inputs from I to A. This sum provides a stable
criterion becauseit is proportional to the initial activation of F1 by the bottom-up
input, and it remains unchangedas the matching processunfolds in real-time.
We now illustrate how a low vigilance level leads to learning of coarsecategories,
whereas a high vigilance level leads to learning of fine categories. Suppose, for
example, that a low vigilance level has led to a learned grouping of inputs which
need to be distinguished for successfuladaptation to a prescribed input environment, but that a punishing eventoccursas a consequenceof this erroneousgrouping
(Sect. 2D). Supposethat, in addition to its negativereinforcing effects,the punishing
event also has the cognitive effect of increasing sensitivity to pattern mismatches.
Such an increase in sensitivityis modelled within the network by an increasein the
vigilance parameter, p, defined by (3). Increasingthis single parameterenables the
network to discriminate patterns which previouslywere lumped together. Once these
patterns are coded by different categories in F2' the different categories can be
associatedwith different behavioralresponses.In this way, environmental feedback
can enable the network to parse more finely whatever input patterns happen to
occur without altering the feature detectionprocessper se. The vigilance parameter
is increasedif a punishing eventamplifies all the signals from the input pattern to A
so that parameter P increases.Alternatively, p may be increased either by a
nonspecific decreasein the size Q of signals from F1 to A, or by direct input signals
to A.
Figure 8 describes a series of simulations in which four input patternsA, B, C, D-are coded. In these simulations, A c B c C c D. The different parts
of the figure show how categorical learning changes with changes of p. When
p = 0.8 (Fig. 8a), 4 categoriesare learned: (A)(B)(C)(D). When p = 0.7 (Fig. 8b),
3 categories are learned: (A}(B)(C, D). When p = 0.6 (Fig. 8c), 3 different categories are learned: (A}(B, C}(D). When p = 0.5 (Fig. 8d), 2 categoriesare learned:
(A, B}(C, D). When p = 0.3 (Fig. 8e), 2 different categories are learned:
(A, B, C}(D). When p = 0.2 (Fig. 8f), all the patterns are lumped together into a
single category.
11. RAPID CLASSIFICATION OF AN ARBITRARY TYPE FONT

In order to illustrate how an ART network codifies a more complex series of
patterns,we show in Fig. 9 the first 20 trials of a simulation using alphabetletters as
input patterns. In Fig. 9a, the vigilance parameter p = 0.5. In Fig. 9b, p = 0.8.
Three properties are notable in these simulations. First, choosing a different
vigilance parameter can determine different coding histories, such that higher
vigilance induces coding into finer categories.Second, the network modifies its
search order on each trial to reflect the cumulative effects of prior learning, and
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FIG. 8. Influence of vigilance level on categoricalgroupings: As the vigilance parameter p decreases.
the number of categoriesprogressivelydecreases.

bypasses the orienting subsystemto directly accesscategories after learning has
taken place. Third, the templates of coarser categoriestend to be more abstract
because they must approximately match a larger number of input pattern exemplars.
Given p = 0.5, the network groups the 26 letter patterns into 8 stable categories
within 3 presentations. In this simulation, F2 contains 15 nodes. Thus 7 nodes
remain uncoded because the network self-stabilizes its learning after satisfying
criteria of vigilance and global self-consistency.Given p = 0.8 and 15 F2 nodes, the
network groups 25 of the 26 letters into 15 stable categorieswithin 3 presentations.
The 26th letter is rej~ctedby the network in order to self-stabilizeits learning while
satisfying its criteria of vigilance and global self-consistency.Given a choice of p
closer to 1, the network classifies15 letters into 15 distinct categories within 2
presentations. In general, if an ART network is endowed with sufficiently many
nodes in F1 and F2, it is capable of self-organizing an arbitrary ordering of
arbitrarily many and arbitrarily complex input patterns into self-stabilizing recognition categories subject to the constraints of vigilance and global code self-con-

sistency.
We now turn to a mathematicalanalysis of the properties which control learning
and recognition by an ART network.
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FIG. 9. Alphabet learning: different vigilance levels cause different numbers of letter categoriesand
different critical feature patterns, or templates,to form.

12. NETWORK EQUATIONS: INTERACTIONS BETWEEN SHORT TERM
MEMORY AND LONG TERM MEMORY PATTERNS

The STM and L TM equations are described below in dimensionlessform [29],
where the number of parametersis reduced to a minimum.
A. STM Equations
The STM activity Xk of any node Uk in Fi or F2obeys a membrane equation of
the form

(7)
where Jk+is the total excitatory input to Uk' Jk- is the total inhibitory input to Uk'
and all the parametersare nonnegative.If A > 0 and C > 0, then the STM activity
Xk(t) remains within the finite interval I-BC~l, A-l] no matter how large the
nonnegative inputs Jk+ and Jk- become.
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We denote nodes in Fi by Vi' where i = 1,2,.. ., M. We denote nodes in Fl by
vi' where j = M + 1, M + 2,..., N. Thus by (7),

(8)
and
(9)
In the notation of (1) and Fig. 4a, the Fl activity pattern X = (Xl' X2'.." X M) and
the F2 activity pattern Y = (XM+l' XM+2"..' XN).
The input Jj+ to the ith node Vjof Fl is a sum of the bottom-up input Ij and the
top-down template input V;
~ = D1Lf(Xj)Zjj;
j

that is,
1;+ = Ii + V;,
where f(Xi) is the signal generatedby activity xi of vi' and Zii is the LTM trace in
the top-down pathway from vi to Vi. In the notation of Fig. 4b, the input pattern
I = (11,12,..., 1M), the signal pattern U = (f(XM+l)' f(XM+2)'...' f(XN»' and
the template pattern V = (VI, V2,..., VM).
The inhibitory input Ji- governsthe attentional gain control signal
= Lf(xj)'
J.I
j

Thus Ji- = 0 if and only if F2 is inactive. When F2 is active, Ji- > 0 and hence
term Ji- in (8) has a nonspecificinhibitory effect on all the STM activities Xi of Fl.
In Fig. 5c, this nonspecific inhibitory effect is mediated by inhibition of an active
excitatory gain control channel. Such a mechanismis formally described by (12).
The attentional gain control signal can be implemented in any of several formally
equivalent ways. Seethe Appendix for somealternative systems.
The inputs and parametersof STM activities in F2 are chosenso that the F2 node
which receives the largest input from Fl wins the competition for STM activity.
Theoremsprovide a basis for choosingtheseparameters[30-32]. The inputs ~+ and
~- to the F2 node vi have the following form.
Input ~+ adds a positive feedbacksignal g(xi) from vi to itself to the bottom-up
adaptive filter input 1j, where
1j = D2Lh(x;)Zij
i

That is,
~+ = g(Xj) + 1)'
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where h(Xi) is the signal emitted by the FI node Vi and zii is the LTM trace in the
pathway from Vi to vioInput ~- adds up negative feedbacksignals g(Xk) from all
the other nodes in F2,
.lj- = L g(Xk)

(15)

k"'j

In the notation of (1) and Fig. 4a,the output pattern S = (h(Xl)' h(X2)'...' h(x M»
and the input pattern T = (TM+l' TM+2'...' TN).
Taken together, the positive feedback signal g(xi) in (14) and the negative
feedback signal ~- in (15) define an on-center off-surround feedback interaction
which contrast-enhancesthe STM activity pattern Yof F2.in responseto the input
pattern T. When F2's parametersare chosenproperly, this contrast-enhancement
processenables F2 to choosefor STM activation only the node vi which receivesthe
largest input 1j. In particular, when parameter E is small in Eq. (9), F2 behaves
approximately like a binary switching, or choice, circuit:
f(Xj) = {~

if1j=

max{Tk}

otherwise.
In the choice case,the top-down template in (10) obeys

vI = {

DIZij
0

if the F2 node Vjis active
if F2 is inactive.

Since V; is proportional to the LTM trace zii of the active £2 node vi' we can define
the template pattern that is read-out by each active £2 node vi to be V(j) =
D1(zjl'Zi2"'.'ZiM).
B. L TM Equations
The equations for the bottom-up LTM traces zii and the top-down LTM traces
Zii between pairs of nodes Vi in F1 and vi in F2 are formally summarized in this
section to facilitate the description of how these equations help to generate useful
learning and recognition properties.
The
equation

L TM

trace

of the

bottom-up

pathway

from

Vi to

Vi obeys

a learning

of the form

In (18), term f(xj) is a postsynapticsampling, or learning, signal becausef(Xj) = 0
implies (d/dt)Zij = O.Term f(Xj) is also the output signal of Vjto pathways from Vj
to F1,as in (10).
The LTM trace of the top-down pathway from Vjto Vi also obeys a learning
equation of the form
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In the present model, the simplest choice of K2 and Eli was made for the top-down
L TM traces
K2

= E. = 1
Jf

A more complex choice of Ejj was made for the bottom-up LTM traces in order
to generate the Weber Law Rule of Section14. The Weber Law Rule requires that
the positive bottom-up L TM traceslearnedduring the encodingof an Fl pattern X
with a smaller number IXI of active nodes be larger than the LTM traces learned
during the encoding of an Fl pattern with a larger number of active nodes, other
things being equal. This inverse relationship between pattern complexity and
bottom-up L TM trace strength can be realized by allowing the bottom-up L TM
traces at each node Vjto compete among themselvesfor synaptic sites. The Weber
Law Rule can also be generated by the STM dynamics of Fl when competitive
interactions are assumedto occur among the nodes of Fl. Generating the Weber
Law Rule at Fl rather than at the bottom-up L TM traces enjoys several advantages,and this model will be developedelsewhere[33]. In particular, implementing the Weber Law Rule at Fl enablesus to choose Ejj = 1.
Competition amongthe L TM traceswhich abut the node Vjis modelled herein by

defining
Ejj = h{xj) + L -1 L h{Xk)

k..j

(21)

and letting Kl = constant. It is convenient to write Kl in the form Kl = KL. A
physical interpretation of this choice can be seenby rewriting (18) in the form

By (22), when a postsynaptic signal f(xj) is positive, a positive presynaptic signal
from the PI node Vi can commit receptor sites to the LTM process Zij at a rate
(1 -zij)Lh(Xi)Kf(xj)'
In other words, uncommited sites-which number(1 -Zij)
out of the total population size I-are committed by the joint action of signals
Lh(Xi) and Kf(xj)' Simultaneouslysignalsh(Xk)' k * i, which reach Vjat different
patches of the Vjmembrane,compete for the sites which are already committed to
Zij via the mass action competitive terms -zijh(Xk)Kf(xj)'
In other words, sites
which are committed to Zij lose their commitment at a rate -ZijLk..ih(xk)Kf(xj)
which is proportional to the number of committed sites Zij' the total competitive
input -Lk..ih(xk)'
and the postsynaptic gating signal Kf(xj)'
Malsburg and Willshaw [34] have used a different type of competition among
L TM traces in their model of retinotectal development.Translated to the present
notation, Malsburg and Willshaw postulate that for eachfixed PI node Vi' competition occurs among all the bottom-up LTM traces Zij in pathways emanating from
Vi in such a way as to keep the total synaptic strength LjZij constant through time.
This model does not generatethe Weber Law Rule. We show in Section 14 that the
Weber Law Rule is essential for achieving direct accessto learned categories of
arbitrary input patterns in the presentmodel.

j(Xj)
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C. STM Reset System
A simple type of mismatch-mediatedactivation of A and STM reset of F2 by A
were implemented in the simulations. As outlined in Section 10, each active input
pathway sends an excitatory signal of size P to the orienting subsystem A.
Potentials Xi of F1 which exceedzero generatean inhibitory signal of size Q to A.
These constraints lead to the following ResetRule.

ResetRule
Population A generatesa nonspecific resetwave to F2 whenever
IXI

P

~<P=Q'

(23)

where I is the current input pattern and IXI is the number of nodes across F1 such
that Xi > O. The nonspecific resetwave successivelyshuts off active F2 nodes until
the search ends or the input pattern I shuts off. Thus (16) must be modified as
follows to maintain inhibition of all F2 nodes which have been reset by A during the
presentation of I:
F 2 Choice and Search
=

1

if 1J = max{Tk: k E J}

0

otherwise

(24)

where J is the set of indices of F2 nodes which have not yet been reset on the
present learning trial. At the beginning of each new learning trial, J is reset at
{M + 1, ..., N}. (SeeFig. 1.) As a learning trial proceeds,J loses one index at a
time until the mismatch-mediatedsearchfor F2 nodes terminates.
13. DIRECT ACCESSTO SUBSETAND SUPERSETPATrERNS

The need for a Weber Law Rule can be motivated as follows. Suppose that a
bottom-up input pattern [(I) activatesa network in which pattern [(I) is perfectly
coded by the adaptive filter from F1 to F2.Supposethat another pattern [(2) is also
perfectly coded and that [(2) contains [(I) as a subset; that is, [(2) equals [(I) at all
the nodes where [(I) is positive. If [(I) and [(2) are sufficiently different, they should
have accessto distinct categories at F2. However, since [(2) equals [(I) at their
intersection, and since all the F1 nodes where [(2) does not equal [(I) are inactive
when [(I) is presented, how does the network decide between the two categories
when [(I) is presented?
To accomplish this, the node V(l) in F2 which codes [(I) should receive a bigger
signal from the adaptive filter than the node V(2)in F2 which codesa superset[(2) of
[(I). In order to realizethis constraint, the L TM traces at V(2)which filter [(I) should
be smaller than the LTM traces at v(l) which filter [(I). Since the LTM traces at V(2)
were coded by the supersetpattern [(2), this constraint suggeststhat larger patterns
are encoded by smaller L TM traces. Thus the absolute sizes of the L TM traces
projecting to the different nodes V(l)and V(2)reflect the overall scaleof the patterns
[(I) and [(2) coded by the nodes. The quantitative realization of this inverse
relationship between L TM size and input pattern scale is called the Weber Law

Rule.

.
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FIG. 10. The Weber Law Rule and the AssociativeDecay Rule enable both subsetand supersetinput
patterns to directly accessdistinct F2 nodes: (a) and (b) schematizethe learning induced by presentation
of rl) (a subset pattern) and r2) (a supersetpattern). Larger path endingsdesignatelarger learned L TM
traces. (c) and (d) schematizehow rl) and [(2) directly accessthe F2 nodes v(l) and v(2). respectively.
This property illustrates how distinct, but otherwise arbitrary, input patterns can directly accessdifferent
categories.No restrictions on input orthogonality or linear predictability are needed.

This inverse relationship suggestshow a subset ](1) may selectivelyactivate its
node V(I) rather than the node v(2)correspondingto a superset](2). On the other
hand, the superset](2) must also be able to directly activate its node V(2)rather than
the node V(I) of a subset](1). To achievesubsetaccess,the positive L TM traces of
V(I) become larger than the positive LTM traces of V(2).Since presentation of ](2)
activates the entire subsetpattern ](1), a further property is neededto understand
why the subsetnode v(l) is not activated by the superset1(2).This property-which
we call the Associative Decay Rule-implies that some LTM traces decay toward
zero during learning. Thus the associativelearning laws considered herein violate
Hebb's [35] learning postulate.
In particular, the relative sizesof the LTM traces projecting to an F2 node reflect
the internal structuring of the input patterns codedby that node. During learning of
1(1),the LTM traces decaytoward zero in pathways which project to V(I) from F1
cells where ](1) equalszero (Fig. lOa). Simultaneously,the LTM tracesbecomelarge
in the pathways which project to V(I) from F1 cells where 1(1)is positive (Fig. lOa).
In contrast, during learningof ](2), the L TM tracesbecomelarge in all the pathways
which project to V(2)from F1 cells where 1(2)is positive (Fig. lOb), including those
cells where ](1) equals zero. Since ](2) is a supersetof 1(1), the Weber Law Rule
implies that LTM tracesin pathwaysto v(2)(Fig. lOb) do not grow as large as LTM
traces in pathways to V(I)(Fig. lOa). On the other hand, after learning occurs, more
positive L TM traces exist in pathways to V(2)than to V(I).Thus a trade-off exists
betweenthe individual sizesof L TM tracesand the number of positive L TM traces
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which lead to each F2 node. This trade-off enables 1(1)to accessvII) (Fig. 10c) and
112)to accessv12)(Fig. 10d).
14. WEBER LAW RULE AND ASSOCIATIVE DECAY RULE FOR BOTTOM-UP
L TM TRACES

We now describe more precisely how the conjoint action of a Weber Law Rule
and an Associative Decay Rule allow direct accessto both subsetand superset F2
codes. To fix ideas, supposethat each input pattern I to Fi is a pattern of O'sand
1's. Let III denote the number of l's in the input pattern I. The two rules can be
summarized as follows.
Associative Decay Rule
As learning of I takes place, L TM traces in the bottom-up coding pathways and
the top-down template pathways between an inactive F1 node and an active F2
node approach O. Associative learning within the L TM traces can thus cause
decreasesas well as increasesin the sizesof the traces.This is a non-Hebbian form
of associativelearning.
Weber Law Rule
As learning of I takes place, L TM traces in the bottom-up coding pathways
which join active F1 and F2 nodes approach an asymptote of the form

a
.B + III

where a and f3 are positive constants. By (25), larger III values imply smaller
positive LTM traces in the pathways encoding I.
Direct accessby the subset 1(1)and the superset 1(2)can now be understood as
follows. By (25), the positive L TM traces which code 1(1) have size
a
fJ + I [(i) I

and the positive L TM traces which code [(2) have size
a
fJ + 1/(2)I'

where 11(1)1< 11(2)1.When 1(1) is presented at F1,11(1)1nodes in F1 are suprathreshold. Thus the total input to V(l) is proportional to
Tll =

al/(I)1
P + 1/(1)I

and the total input to V(2)is proportional to
T12 =

al/(l) I
fJ + 1/(2)I

(29)
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Because (25) defines a decreasing function of III and because 11(1)1< 11(2)1,it
follows that TII > Tu. Thus 1(1) activates vII) instead of V(2).
When 1(2) is presented at FI, 11(2)1nodes in FI are suprathreshold. Thus the total
input to V(2)is proportional to
a[./(2)

T22=

[.

.B + 1/(2)1

We now invoke the Associative Decay Rule. Because](2) is supersetof ](1), only
those Fl nodes in ](2) that are also activated by ](1) project to positive L TM traces
at V(l). Thus the total input to vII) is proportional to
T21=

aI1(1)1

fJ + 11(1)
I

Both T22and T21are expressedin terms of the Weber function
W(lII)

=

alII

p+"j/1'

(32)

which is an increasing function of 1/1. Since 1/(1)1< 1/(2)1,T22> T21.Thus the
superset /(2) activates its node V(2)rather than the subset node V(1).In summary,
direct accessto subsets and supersetscan be traced to the opposite monotonic
behavior of the functions (25) and (32).
It remains to show how the Associative Decay Rule and the Weber Law Rule are
generated by the STM and L TM laws (8)-(22). The Associative Decay Rule for
bottom-up LTM traces follows from (22). When the F1 node Vi is inactive,
h(Xi) = O. When the F2 node Vjis active, f(Xj) = 1. Thus if Zij is the LTM trace in
a bottom-up pathway from an inactive F1 node Vi to an active F2 node vi' (22)
reduces to

The signal function h(Xk) is scaledto rise steeply from 0 to the constant1 when Xk
exceedszero. For simplicity, supposethat
h(Xk) = {~

ifxk> 0
otherwise.

Thus during a learning trial when Vi is inactive,
L h(Xk) = lxI,

k..i
where IXI is the number of positive activities in the F1 activity pattern X. By (33)
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and (35), when Vi is inactive and vi is active,
d

"diZij = -KZijIXI

(36)

which shows that Zjj decaysexponentially toward zero.
The Weber Law Rule for bottom-up LTM traces Zjj follows from (22), (24), and
(34). Consider an input pattern I of O'sand l's that activates III nodes in F1 and
node Vjin F2. Then, by (34),
M

L h(Xk) = III
k=l

For each Zij in a bottom-up pathway from an active Fl node Vi to an active F2
node vi' f(xj) = 1 and h(Xi) = 1, so

At equilibrium, dZjj/dt = O. It then follows from (38) that at equilibrium

a

Zij = fJ + III

as in (25), with a = Land .B = L -1. Both a and .B must be positive, which is the
caseif L > 1. By (22), this meansthat eachlateral inhibitory signal -h(Xk)' k * i,
is weaker than the direct excitatory signal Lh(x;), other things being equal.
When top-down signals from F2 to F1 supplementa bottom-up input pattern I
to F1,the number IXI of positive activities in X may become smaller than III due
to the t Rule. If Vj remains active after the F2 node Vj becomes active, (38)
generalizesto

By combining (36) and (40), both the Associative Decay Rule and the Weber Law
Rule for bottom-up LTM traces may be understood as consequencesof the LTM
equation

d

diZij =

if Vi and Vj are active
if Vi is inactive and Vjis active

(41)

if Vjis inactive.

Evaluation of term IXI in (41) dependsupon whether or not a top-down template
perturbs F1 when a bottom-up input pattern I is active.
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15. TEMPLATE LEARNING RULE AND ASSOCIATIVE DECAY RULE FOR
TOP-DOWN L TM TRACES

The Template Learning Rule and the Associative Decay Rule together imply that
the top-down L TM traces in all the pathways from an F2 node vi encode the
critical feature pattern of all input patterns which have activated vi without
triggering F2 reset.To see this, as in Section 14, supposethat an input pattern Iof
O'sand l's is being learned.
TemplateLearning Rule
As learning of I takes place, L TM traces in the top-down pathways from an
active F2 node to an active F1 node approach1.
The Template Learning Rule and the Associative Decay Rule for top-down L TM
traces Zji follow by combining (19) and (20) to obtain

(42)
If the F2 node vi is active and the F1 node Vi is inactive, then h(Xi) = 0 and
f(Xi) = 1, so (42) reducesto
d
dtZji = -Zj;

(43)

Thus z -; decays exponentially toward zero and the Associative Decay Rule holds.
On thiother hand, if both Vi and Vj are active, then f(Xj) = h(Xi) = 1, so (42)
reduces to
d

diZji = -Zji + 1

(44)

Thus Zji increasesexponentially toward 1 and the Template Learning Rule holds.
Combining equations (42)-(44) leads to the learning rule governing the LTM
traces Zji in a top-down template
d
d/Zji =

{ -Z ji
;Zji

+ 1

if Vi and vi are active
if Vi is inactive and vi is active

(45)

if vi is inactive.

Equation (45) saysthat the templateof vi tries to learn the activity pattern acrossF1
when vi is active.
The t Rule controls which nodes Vi in (45) remain active in responseto an input
pattern I. The t Rule implies that if the F2 node vi becomesactive while the F1
node Vi is receivinga large bottom-up input Ii, then Vi will remain active only if Z i
is sufficiently large. Hence there is some critical strength of the top-down L TM
traces such that if Zii falls below that strength, then Vi will never again be active
when vi is active, evenif Ii is large. As long as Zii remains above the critical L TM
strength, it will increasewhen Ii is large and vi is active, and decreasewhen Ii is
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small and vj is active. Once Zji falls below the critical L TM strength, it will decay
toward 0 whenevervJ is active; that is, the feature representedby Vidrops out of the
critical feature pattern encodedby vi"
These and related properties of the network can be summarized compactly using
the following notation.
Let I denote the set of indices of nodes Vi which receivea positive input from the
pattern I. When I is a pattern of O'sand 1's, then
ifieI
otherwise,

(46)

where I is a subsetof the F1 index set {I... M}. As in Section12, let VU) = D1(zj1
...Z ji ...Z jM) denote the template pattern of top-down L TM traces in pathways
leading from the F2 node vi The index set VU) = VU)(t) is defined as follows:
i E VU) iff Zji is larger than the critical LTM strength required for Vi to be active
when Vjis active and i E I. For fixed t, let X denote the subsetof indices {I... M}
such that i E X iff the F1 node Vi is active at time t.
With this notation, the t Rule can be summarizedby stating that when a pattern

I is presented,

x=[

I

if £2 is inactive

I () y(j)

if the £2 node vi is active.

The link between STM dynamics at F1 and F2 and L TM dynamics between F1 and
F2can now be succinctly expressedin terms of (47),
d

~Zij=

K[(l

-zjj)L

-zjjUXI

-1)]

-KIXlzjj

if i E X and f(Xj)

= 1

if i E: X and f(Xj)

= 1

if f(Xj)

= 0

if i E X and f(xj)

=1

if i ~ X and f(xj)

=1

0

and
d
dt Zji =

iff(xj)

(49)

= o.

A number of definitions that were made intuitively in Sections 3-9 can now be
summarized as follows.

Definitions
Coding
An active F2 node vJis said to code an input Ion a given trial if no reset of vJ
occurs after the template V(J) is read out at Fl'
Resetcould, in principle, occur due to three different factors. The read-out of the
template v(J) can changethe activity pattern X acrossFl. The new pattern Xcould
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conceivably generatea maximal input via the F1 -+ F2 adaptive filter to an F2 node
other than vJ. The theorems below show how the f Rule and the learning rules
prevent template read-out from undermining the choice of vJ via the F1 -+ F2
adaptive filter. Resetof vJcould also, in principle, occur due to the learning induced
in the LTM traces ZiJ and ZJi by the choice of vJ. In a real-time learning system
whose choices are determined by a continuous flow of bottom-up and top-down
signals, one cannot take for granted that the learning process,which alters the sizes
of thesesignals, will maintain a choice within a single learning trial. The theoremsin
the next sections state conditions which prevent either template readout or learning
from resetting the F2choice via the adaptive filter from F1 to F2.
Only the third possible reset mechanism-activation of the orienting subsystem
A by a mismatch at F1-is allowed to reset the F2choice. Equations (5) and (47)
imply that if vJbecomesactive during the presentationof I, then inequality
II n V(J)! ~ pili

(50)

is a necessary condition to prevent reset of vJ by activation of A. Sufficient
conditions are stated in the theoremsbelow.
Direct Access
Pattern I is said to have direct accessto an £2 node vJ if presentationof I leads
at once to activation of vJ and vJ codes Ion that trial.
By Eqs. (13) and (34), input I choosesnode VJ first if, for all j * J,
r. ZiJ > r. Zij'
iEl

(51)

iEl

The conditions under which VJ then codes I are characterized in the theorems
below.
Fast Learning
For the remainder of this article we consider the fast learning case in which
learning rates enable L TM tracesto approximately reachthe asymptotesdetermined
by the STM patterns on eachtrial. Given the fast learning assumption, at the end of
a trial during which VJwas active, (48) implies that

L

ZiJ= \:

-1 + Ixi

ifiEX

ifi~X
and (49) implies that
ZJi =

1
0

if i E X
if i ~ X.

(53)

Thus although Zij * Zji in (52) and (53), Zij is large iff Zji is large and Zij = 0 iff
Zji = O. We can therefore introduce the following definition.
Asymptotic Learning
An F2 node Vjhas asymptoticallylearned the STM pattern X if its LTM traces
Zij and Zji satisfy (52) and (53).
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By (47), X in (52) and (53) equals either I or I n yu). This observationmotivates

the followingdefinition.
PerfectLearning
An F2 node vi has perfectlylearned an input pattern I iff vi has asymptotically
learned the STM pattern X = I.
16. DIRECT ACCESSTO NODESCODING PERFECTLYLEARNED PATTERNS

We can now prove the following generalization of the fact that subset and
supersetnodes can be directly accessed(Sect. 13).
THEOREM
1 (Direct accessby perfectly learned patterns). An input pattern I has
direct accessto a node vJ which has perfectly learned I if L > 1 and all initial
bottom-up L TM traces satisfythe
0 < Zjj(O) <

Direct AccessInequality

L
L -1

+ M'

where M is the number o/nodes in Fl'

Proof In order to prove that I has direct accessto vJ we need to show that: (i)
vJ is the first F2 node to be chosen; (ii) VJ remains the chosen node after its
template V(J) is read out at F1; (iii) read out of V(J) does not lead to F2 reset by
the orienting subsystem;and (iv) vJ remains active as fast learning occurs.
To prove property (i), we must establishthat, at the start of the trial, ~ > 1J for
all j * J. When I is presented, III active pathways project to each F2 node. In
particular, by (13) and (34),

~ = D2L ZiJ
iEI

and
T=D
J

2 i.."
~z

'J

iEI

Becausenode vJ perfectly codes I at the start of the trial, it follows from (52) that

ifieI
if i ~ I
By (55) and (57),
TJ =

D2LIII
L -1 + III

In order to evaluate 1J in (56), we need to considernodes vi which have asymptotically learned a different pattern than I, as well as nodes vi which are as yet
uncommitted. Supposethat vi' j :;0J, has asymptoticallylearned a pattern VU) :;0I.
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Then by (52),
if;

E VU)

if i $ yu).
By (59), the only positive L TM tracesin the sumLi EIZ ij in (56) are the traces with
indices i E I n VU). Moreover, all of these positive LTM traces have the same
value. Thus (59) implies that

We now prove that TJ in (58) is larger than 1J in (60) if L > 1; that is,

III
L -1
Suppose first
(L -1 + IV(J)I),
Suppose next
II () V(})I. Thus,

>

+ III

II () VU)I

L-l+IV(fll"

that IV(J)I > III. Then III ~ II () VU)I and (L -1 + III) <
which together imply (61).
that IV(J)I ~ III. Then, since V(J) * I, it follows that III >
since the function w/(L -1 + w) is an increasing function of w,

III
L -1 + III

>

II n VU>I
L-l+IInVU>1

Finally, since IVU)I oSII n V{f)I,

Inequalities (62) and (63) togetherimply (61). This completes the proof that I first
activates vJ rather than any other previouslycoded node vi"
It remains to prove that I activates vJ rather than an uncommitted node vi which
has not yet been chosento learn any category. The L TM traces of each uncommitted node vi obey the Direct Access Inequality (54), which along with III ~ M
implies that

T, =

> D2 L Zij = 1jo
ieI

This completes the proof of property (i).
The proof of property (ii), that VJremains the chosennode after its template V(J)
is read out, follows immediately from the fact that y(J) = I. By (47), the set X of
active nodes remains equal to I after V(J) is read-out. Thus TJ and 1J are
unchanged by read-out of V(J), which completesthe proof of property (ii).
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Property (ill) also follows immediately from the fact that I n VI}) = I in the
inequality
II n v(J)1 ~ pili.

(50)

Property (iv) follows from the fact that, while vJis active, no new learning occurs,
since vJ had already perfectly learned input pattern I before the trial began. This
completes the proof of Theorem1.
17. INITIAL STRENGTHSOF LTM TRACES

A. Direct AccessInequality: Initial Bottom-Up LTM Traces are Small
Theorem 1 shows that the Direct Access Inequality (54) is needed to prevent
uncommitted nodes from interfering with the direct activation of perfectly coded
nodes. We now show that violation of the Direct Access Inequality may force all
uncommitted nodesto code a single input pattern, and thus to drastically reducethe
coding capacity of F2.
To see this, supposethat for all vi in F2 and all i E I,
Zjj(O) > L -1

L

+ III

Suppose that on the first trial, vii is the first F2 node to be activated by input [.
Thus 1JI> 1J' where j * A, at the start of the trial. While activation of vii persists,
1JI decreasestowards the value D2LIII(L -1 + 111)-1due to learning. However,
for all j *A,
1J = D2 L Zij(O) >
iEI

D2LIII

L -1

+ III

(66)

By (66), 1ft eventuallydecreasesso much that 1f. = 1f2 for some other node Vjzin
F2. Thereafter, 1ft and 1f2 both approach D2LIII(L -1 + 111)-1 as activation
alternates between vii and vjz'Due to inequality (65), all F2 nodes Vjeventually are
activated and their 1f valuesdecreasetowards D2LIII(L -1 + 111)-1.Thus all the
F2 nodes asymptotically learn the same input pattern I. The Direct Access Inequality (54) preventstheseanomaliesfrom occurring. It makesprecisethe idea that
the initial values of the bottom-up LTM traces Zij(O) must not be too large.
B. Template Learning Inequality: Initial Top-Down Traces are Large
In contrast, the initial top-down L TM traces Zji(O) must not be too small. The t
Rule implies that if the initial top-down L TM traces Zji(O) were too small, then no
uncommitted F2 node could everlearn any input pattern, since all F1 activity would
be quenchedas soon as F2 becameactive.
To understand this issue more precisely, suppose that an input I is presented.
While F2 is inactive, X = I. Suppose that, with or without a search, the uncommitted F2 node vJbecomesactive on that trial. In order for VJto be able to encode
I given an arbitrary value of the vigilance parameterp, it is necessarythat X remain
equal to 1 after the template V(J) has beenread out; that is,
I n y<J)(O) = I

for any I.

(67)
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Because f is arbitrary, the t Rule requires that y(J) initially be the entire set
{I,... ,M}. In other words, the initial strengths of all the top-down LTM traces
ZJl... ZJM must be greater than the critical LTM strength, denoted by i, that is
required to maintain suprathreshold STM activity in each Fl node Vi such that
i E I. Equation (49) and the t Rule then imply that, as long as f persists and VJ
remains active, ZJi ~ 1 for i E I and ZJi ~ 0 for i $ I. Thus y(J) contracts from
{I,..., M} to I as the node vJencodesthe pattern f.
It is shown in the Appendix that the following inequalities imply the t Rule

t Rule Inequalities
< Bl < 1 + Dl;

max{l, Dl

and that the critical top-down L TM strength is

B-1
1

i=

Dl

Thenthe
Template Learning Inequality
1>

-Jf

implies that VU)(O) = {I

Z

(O ) > Z

M} for all j, so (67) holds.

C. Activity-DependentNonspecific Tuning of Initial LTM Values
Equations (52) and (53) suggesta simple developmentalprocess by which the
opposing constraints on zljO) and Zjl(O) of Sections 17A and B can be achieved.
Suppose that at a developmentalstage prior to the category learning stage, all Fl
and F2 nodesbecomeendogenouslyactive. Let this activity nonspecificallyinfluence
Fl and F2 nodes for a sufficiently long time interval to allow their LTM traces to
approach their asymptotic values.The presenceof noise in the systemimplies that
the initial ZIj and Zji values are randomly distributed close to these asymptotic
values. At the end of this stage, then,
Zij(O) = L -1

L

+ M

(71)

and
Zj;(O) ~ 1

for all i = 1... M and j = M + 1... N. The bottom-up L TM traces Z;j(O)and the
top-down L TM tracesZj;(O) are then as large as possible,and still satisfy the Direct
Access Inequality (54) and the Template Learning Inequality (70). Switching from
this early developmentalstageto the categorylearning stagecould then be viewed as
a switch from an endogenoussourceof broadly-distributed activity to an exogenous
source of patterned activity.
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18. SUMMARY OF THE MODEL

Below, we summarize the hypotheses that define the model. All subsequent
theorems in the article assumethat thesehypotheseshold.
Binary Input Patterns
ifiEI

otherwise.
Automatic Bottom-Up Activation and f Rule

x=[

I

if F2 is inactive

I n yU)

if the F2 node vi is active.

Weber Law Rule and Bottom-Up AssociativeDecay Rule

{ K [(1

d
dtZjj

=

-zjj)L

-zjjUXI

-1)]

-KIX)zjj

if i E X and j(Xj)

=1

if i ~ X and j(Xj)

=1

ifj(x;)

0

= O.

Template Learning Rule and Top-Down Associative Decay Rule

d

-z

;[tZjj =

)1

1

+

z.)1

if j E X and f(xj)

= 1

if j ~ X and f(xj)

= 1

{~

iff(xj)

= O.

Reset Rule

An active F2 node Vj is reset if

II n VU)I

III

p
< P= Q"

Once a node is reset, it remainsinactive for the duration of the trial.
F 2 Choice and Search

If J is the index set of F2 nodes which have not yet been reset on the present
learning trial, then
if Tj = max{Tk: k E J}

otherwise,
where
TJ = D 2 ~£..., z..IJ
ieX

(74)
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In addition, all STM activities Xi and Xj are resetto zero after each learning trial.
The initial bottom-up LTM traces Z;j(O)are chosento satisfy the

Direct AccessInequality
0 < Z;j(O) <

L

L-l+M

The initial top-down L TM tracesare chosento satisfy the
Template Learning Inequality
1 ~ Zjj(O) > z=

Bl

-1

Dl

Fast Learning
It is assumedthat fast learning occurs so that, when vi in F2 is active, all L TM
traces approach the asymptotes,

ifieX
if i It: X

and
ifieX
ifi~X

(53)

on each learning trial. A complete listing of parameter constraints is provided in
Table 1.
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19. ORDER OF SEAR~~D

STABLECHOICESIN SHORT-TERMMEMORY

We will now analYi~urtherproperties of the classof ART systemswhich satisfy
the hypotheses in Section18. We will begin by characterizing the order of search.
This analysis provides'~ basis'or proving that learning self-stabilizesand leads to
recognition by direct access.
This discussion of searchorder does not analyse where the searchends. Other
things being equal, a network with a higher level of vigilance will require better F1
matches,and hence will searchmore deeply, in responseto each input pattern. The
set of learned filters and templatesthus dependsupon the prior levels of vigilance,
and the sameordering of input patterns may generatedifferent L TM encodingsdue
to the settings of the nonspecific-vigilance parameter. The present discussion
considers the order in which searchwill occur in responseto a single input pattern
which is presented after an arbitrary set of prior inputs has been asymptotically

learned.
We will prove that the valuesof the F2 input functions 1) at the start of each trial
determine the order in which F2 nodesare searched,assumingthat no F2 nodes are
active before the trial begins.To distinguish these initial 1) values from subsequent
1) values, let OJdenote the value of 1) at the start of a trial. We will show that, if
these values are ordered by decreasingsize,as in

0h > 012 > 013 > ...

(76)

'

then F2 nodes are searchedin the order vii' Vj2'Vj)'..'
result, we first derive a formula for 0,.J
When an input I is first presentedon a trial,

on that trial. To prove this

OJ= D2 L Zij'

(77)

iel

where the Zij'S are evaluatedat the start of the trial. By the Associative Decay Rule,
Zij in (77) is positive only if i E YV), where YV) is also evaluated at the start of the
trial. Thus by (77),
OJ = D2

}:::

Zij

ielnVU)

If the L TM traces Zjj have undergonelearning on a previous trial, then (52) implies
L

z=
I}

L -1

,-~,

+ I yU) I

for all i E V(}). If Vj is an uncommitted node, then the Template Learning
Inequality implies that I n V(j) = I. Combining these facts leads to the following
formula for OJ.
Order Function
D2LII n VU)\

0=
J

L -1

if Vjhas been chosenon a previous trial

+IVU)I

D2LjEIZjj(O)

if Viis an uncommitted node

(80)
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In responseto input pattern I, (76) implies that node vii is initially chosenby F2.
After vii is chosen,it reads-outtemplate V(h) to Fl. When V(h) and I both perturb
F1, a new activity pattern X is registered at F1, as in Fig. 4b. By the t Rule,
X = I n V(iI). Consequently,a new bottom-up signal pattern from F1 to F2 will
then be registered at F2. How can we be sure that vii will continue to receive the
largest input from F1 after its template is processedby F1? In other words, does
read-out of the top-down template VU,) confirm the choice due to the ordering of
bottom-up signals OJ in (76)? Theorem2 provides this guarantee.Then Theorem 3
shows that the ordering of initial 1J values determinesthe order of searchon each
trial despite the fact that the 1J values can fluctuate dramatically as different F2
nodes get activated.
THEOREM
2 (Stable choicesin STM). Assumethe modelhypotheses
of Section18.
Supposethat an F2 node vJ is chosenfor STM storage instead of another node Vj
becauseOJ > OJ"Thenread-outof the top-down template V(J) preservesthe inequality
TJ > 1J and thus confirmsthe choiceof vJ by the bottom-upfilter.
Proof Supposethat a node vJ is activated due to the input pattern I, and that
vJ is not an uncommitted node. When vJ reads out the template v(J) to F1, X =
I n V(J) by the t Rule. Then
1J = D2

L

z..

iElnV(J)

Since Zij > 0 only if i E VU),

1J = D2

r.

Zij

(82)

ieInV(J)nvIJ)

By (79), if 1J is not an uncommitted node,

By (80) and (83),
1] S OJ

(84)

Similarly, if Vjis an uncommitted node, the sum 1) in (82) is less than or equal to
the sum OJ in (80). Thus read-out of template V(J) can only causethe bottom-up
signals 1j, other than TJ' to decrease.Signal TJ' on the other hand, remains
unchanged after read-out of V(J). This can be seen by replacing VU) in (83) by
V(J). Then

Hence, after V(J) is read-out

TJ = OJ
Combining (84) and (86) shows that inequality TJ > 1J continues to hold after V(J)
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is read out, thereby proving that top-down template read-out confirms the F2choice
of the bottom-up filter.
The same is true if vJ is an uncommitted node. Here, the Template Learning
Inequality shows that X = I evenafter v(J)is read out. Thus all bottom-up signals
1) remain unchanged after template read-out in this case.This completesthe proof
of Theorem 2.
Were the ~ Rule not operative, read-out of the template V<h) might activate
many F1 nodes that had not previously been activated by the input I alone. For
example, a top-down template could, in principle, activate all the nodes of F1,
thereby preventing the input pattern, as a pattern, from being coded. Alternatively,
disjoint input patterns could be coded by a single node, despite the fact that these
two patterns do not shareany features.The } Rule prevents such coding anomalies
from occurring.
THEOREM
3 (Initial filter valuesdetermine searchorder). The Order Function OJ
determinesthe order of searchno matter how manytimes F2 is resetduring a trial.
node VJ' is the first node to be activated on a
Proof
Since OJ I > OJ'2 > ( ...,
)
1
given trial. After template V 11 is read out, Theorem 2 implies that

1Jl = Oil> max{Oj: j *h}

~ max{1J: j *h

even though the full ordering of the 1)'s may be different from .that defined by the
O's.
If v11 is resetby the orienting subsystem,then template V<1I)is shut off for the
J
remainder of the trial and subsequentvalues of 1). do not influence which F2 nodes
will be chosen.
As soonas vAand V<A)are shut off, T= OJfor all j *h. Since012> OJ)> '..,
node v12 is chosennext and template V62) is read-out. Theorem2 implies that

1J2= °h> max{Oj: j *11, h} ~ max{1J: j *11, h
Thus VU2) confirms the F2choice due to °12 eventhough the ordering of 1] values
may differ both from the ordering of OJ values and from the ordering of 1] values
when V(j,) was active.
This argument can now be iterated to show that the values OJ,> °12 > ...of
the Order Function determine the order of search. This completes the proof of

Theorem3.
20. STABLECATEGORYLEARNING

Theorems 2 and 3 describechoice and searchproperties which occur on such a
fast time scale that no new learning can occur. We now analyse properties of
learning throughout an entire trial, and use these properties to show that code
learning self-stabilizesacrosstrials in responseto an arbitrary list of binary input
patterns. In Theorem 2, we proved that read-out of a top-down template confirms
the F2 choice made by the bottom-up filter. In Theorem 4, we will prove that
learning also confirms the F2 choice and does not trigger reset by the orienting
subsystem. In addition, learning on a single trial causesmonotonic changesin the
L TM traces.
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THEOREM4 (Learning on a single trial). Assumethe model hypothesesof Section 18. Supposethat an F2 nodevJ is chosenfor STM storageand that read-outof the
template V(J) doesnot immediatelylead to resetof node vJ by the orienting subsystem.
Then the LTM tracesZiJ and ZJi changemonotonicallyin sucha waythat TJ increases
and all other 1j remain constant, therebyconfirming the choiceof vJ by the adaptive
filter. In addition, the set In y(J) remainsconstantduring learning, so that learning
does not trigger resetofVJ by the orienting subsystem.
Proof We first show that the LTM traces ZJi(t) can only change monotonically
and that the set X(t) does not change as long as VJ remains active. These
conclusions follow from the learning rules for the top-down LTM traces ZJi. Using
these facts, we then show that the ZiJ(t) changemonotonically, that ~(t) can only
increase, and that all other 1j(t) must be constant while VJremains active. These
conclusions follow from the learning rules for the bottom-up LTM traces ZiJ.
Together, these properties imply that learning confirms the choice of VJ and does
not trigger resetof vJ by the orienting subsystem.
Suppose that read-out of V(J) is first registeredby Fl at time t = to. By the t
Rule, X(to) = I n y(J)(to). By (49), ZJi(t) beginsto increasetowards1 if i E X(to),
and begins to decreasetowards 0 if i ~ X(to). The Appendix shows that when vJ is
active at F2, each activity Xi in F2obeys the equation
e

dx;
dt

= -X;

+ (1 -A1X;)(I;

+ D1zJ;) -(B1

+ C1X;)

By (89), Xi(t) increasesif ZJi(t) increases,and Xi(t) decreasesif ZJi(t) decreases.
Activities Xi which start out positive hereby become even larger, whereasactivities
Xi which start out non-positive becomeevensmaller. In particular, X(t) = X(to) =
I n V(J)(to) for all times t ~ to at which VJremains active.
We next prove that TJ(t) increases,whereasall other 1j(t) remain constant,while
vJ is active. We supposefirst that vJis not an uncommitted node before considering
the case in which vJ is an uncommitted node. While vJ remains active, the set
X(t) = I n V(J)(to)' Thus
TJ(t) = Dz

L

ZiJ(t

iElnV(J)(/O)

At time t = to' each LTM trace in (90) satisfies
Z;J(to)

L

:;

L-l+IV(J)(to)1
due to (79). While VJremainsactive, eachof theseL TM traces respondsto the fact
that X(t) = I n V(J)(to). By (47) and (52), each ZjJ(t) with i E I n V(J)(to)
increasestowards

L
L -1 + II n V{J)(t(j) I'
each ZiJ(t) with i ~ I n y(J)(to) decreasestowards 0, and all other bottom-up
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LTM traces Zij(t) remain constant. A comparisonof (91) with (92) shows that TJ(t)
in (90) can only increasewhile vJ remains active. In contrast, all other 1j(t) are
constant while VJremains active.
If vJ is an uncommitted node, then no LTM trace ZiJ(t) changesbefore time
t = to. Thus
i = 1,2,

ZiJ(tO) = ZiJ(O),

(93)

,M.

By the Template Learning Inequality (75), I n V(J)(to) = I, so that (90) can be
written as
TJ(t) = D2 L ZjJ(t)
jel

By (93) and the Direct AccessInequality (54),
ZiJ(tO) < L -1

L

i = 1,2,

+ M'

,M

While vJ remains active, X(t) = I n V(J)(to) = I, so that each z;J(t) in (94)
approachesthe value

L
L -1

+ III

Since III ~ M for any input pattern I, a comparison of (95) and (96) shows that
each ZiJ(t) with i E I increaseswhile vJremainsactive. In contrast, each ZiJ(t) with
i $ I decreasestowards zero and all other Zij(t) remain constant. Consequently,by
(94), TJ(t) increasesand all other 1j(t) are constant while vJ remains active. Thus
learning confirms the choice of vJ.Hence the set X(t) remains constant and equal to
I n V(J)(to) while learning proceeds.
This last fact, along with the hypothesis that read-out of V(J) does not immediately cause reset of vJ' implies that learning cannot trigger reset of vJoBy the
Reset Rule (73), the hypothesis that read-out of V(J) does not immediately cause
reset of vJ implies that
11(\ V(J)(to)\

=IX(to)

I ~ pili

The fact that X(t) does not changewhile vJ remains active implies that
IX(t) I =IX(to)1 ~ pili

(98)

and hence that learning does not trigger reset of vJ. Thus vJ remains active and
learning in its LTM traces ZiJ(t) and ZJi(t) can continue until the trial is ended.
This completesthe proof of Theorem4.
Theorems 2-4 immediately imply the following important corollary, which illustrates how t Rule matching,the learning laws,and the ResetRule work together
to prevent spurious resetevents.

95

ADAPTIVE PATTERN RECOGNITION

COROLLARY
1 (Resetby mismatch). An activeF2 node VJcan be reset only by the
orienting subsystem.Resetoccurswhenthe template V(J) causesan F1 mismatchsuch
that
II n V(J)I < pili
Reset cannot be causedwithin the attentional subsystemdue to reorderingof adaptive
filter signals 1J by templateread-outor due to learning.
Theorem 4 implies another important corollary which characterizeshow a template changesdue to learning on a given trial.
COROLLARY
2 (Subsetrecoding). If an F2 node vJ is activateddue to an input I
and if read-outof V(J) at time t = to implies that
II n y(J)(to) I ~ pili.
then vJ remains active until I shuts off, and the templateset V(J)(t) contractsfrom
V(J)(to) to In V(J)(to).
With theseresults in hand, we can now prove that the learning processself-stabilizes in responseto an arbitrary list of binary input patterns.
THEOREM 5 (Stable category learning).
Assume the model hypothesesof Section
18. Then in response to an arbitrary list of binary input patterns, all LTM traces Z;j(t)
and Zj;(t) approach limits after a finite number of learning trials. Each template set
yv) remains constant excep t fior at most M -1 times tv)
< tv)
tv)
at
1
2 < ...<
rJ
which it progressively loses elements, leading to the
Subset Recoding Property

VU>(tIJ»:)

vu>(t~J»:)

...:)

V(J>(t~!»

(101)

All LTM traces oscillateat most oncedue to learning. The LTM traces Zij(t) and
Zji(t) such that i ~ VV)(tf:» decreasemonotonicallyto zero. The LTM tracesZ;j(t)
and Zj;(t) suchthat i E VV)(t~J» are monotoneincreasingfunctions. The LTM traces
Zij(t) and Zji(t) such that i E vv)(tV» but i ~ V(J)(tljl1) can increaseat times
t ~ tljl1 but can only decreasetowardszero at times t > tljl1'
Proof Suppose that an input pattern I is presented on a given trial and the
Order Function satisfies
O.h > 0 12 > O.13

Then no learning occurs while F2 nodes are searchedin the order Vh'Vh" .., by
Theorem 3. If all F2 nodes are resetby the search,then no learning occurs on that
trial. If a node exists such that
II n V(j)1

:?:.pili,

(102)

then searchterminates at the first such node, vi,. Only the LTM traces zii, and Zi,i
can undergo learning on that trial, by Theorem4. In particular, if an uncommitted
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node vJ. is reached by the search,then the Template Learning Inequality implies
II n VUk)1 =11 n V(}k)(O) I =111 ~ pili

(103)

so that its L TM traces undergo learning on that trial. In summary, learning on a
given trial can change only the L TM traces of the F2 node vJ. at which the search
ends.
Corollary 2 shows that the template set Vu.) of the node vi. is either constant or
contracts due to learning. A contraction can occur on only a finite number of trials,
becausethere are only finitely many nodes in Fl' In addition, there are only finitely
many nodes in F2, hence only finitely many template sets VU) can contract. The
Subset Recoding Property is herebyproved.
The monotonicity properties of the L TM traces follow from the SubsetRecoding
Property and Theorem4. Supposefor definitenessthat the searchon a given trial
terminates at a node vJ in responseto an input pattern I. Supposemoreover that
the template set V(J)(t) contracts from v(J)(t1J» to V(J)(t12l) = I n v(J)(t1J»
due to read-out of the template V(J)(t1J» on that trial. A comparisonof (91) and
(92) shows that each ZiJ(t) with i E V(J)(t12l) increasesfrom

L
L -1

+IV(J){t1J»)f

to
L
L -1

+ I v<J) (t121) r'

that each z;J(t) with i 4t v(J)(ti21) decreasestowards zero, and that all other
bottom-up LTM traces Z;j(t) remain constant. In a similar fashion, each zJ;(t)
with i E V(J)(ti21) remains approximately equal to one, each zJ;(t) with i 4t
v(J)(ti21) decreasestowards zero, and all other top-down LTM traces Zj;(t)
remain constant.
Due to the Subset RecodingProperty (101),
IV(J)(t~J»)

I >IV(J)(t!J»)

I>

>IV(J)(t~:»)I.

Thus each LTM trace ZiJ(t) with i E V(J)(t~:») increasesmonotonically, as from
(104) to (105), on the rJ trials where searchends at vJ and the template set V(J)(t)
contracts. On all other trials, theseL TM traces remain constant. The other monotonicity properties are now also easily proved by combining the Subset Recoding
Property (101) with the learning properties on a single trial. In particular, by the
Subset Recoding Property, no LTM traceschange after time
t = max{t~;>: j = M +

,M+2 ,

,N}

Thus all L TM traces approach their limits after a finite number of learning trials.
This completes the proof of Theorem5.
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21. CRITICAL FEATURE PATrERNS AND PROTOTYPES

The property of stable categorylearning can be intuitively summarized using the
following definitions.
The critical featurepattern at time t of a node Vjis the template VU)(t). Theorem
5 shows that the critical feature pattern of eachnode vj is progressivelyrefined as
the learning process discovers the set of features that can match all the input
patterns which Vjcodes. Theorem 5 also says that the network discovers a set of
self-stabilizing critical feature patterns as learning proceeds.At any stage of learning, the set of all critical feature patterns determinesthe order in which previously
coded nodes will be activated,via the Order Function

The ResetFunction
R;=

11(') VU)I

III

determines how many of thesenodes will actually be searched,and thus which node
may be recoded on eachtrial. In particular, an unfamiliar input pattern which has
never before been experiencedby the network will directly accessa node u11if the
Direct Access Conditions
Ojl > max(Oj:

j *h)

and

Ril ~ p

(110)

are satisfied.
An important exampleof direct accessoccurs when the input pattern I * satisfies
1* = VU), for some j = M + 1, M + 2,..., N. Such an input pattern is called a
prototype. Due to the SubsetRecodingProperty (101), at any given time a prototype
pattern includes all the features common to the input patterns which have previ-

ously beencoded by node vr Sucha prototype pattern may neverhave been
experienceditself. When an unfamiliar prototype pattern is presented for the first
time, it will directly accessits category vi and is thus recognized.This property
follows from Theorem 1, since vi has perfectly learned 1*. Moreover, because
1* = V(i), a prototype is optimally matched by read-out of the template VU).
A prototype generatesan optimal match in the bottom-up filter, in the top-down
template, and at Fl' even though it is unfamiliar. This is also true in human
recognition data [20, 22, 23]. Theorem 5 thus implies that an ART system can
discover,learn, and recognizestableprototypes of an arbitrary list of input patterns.
An ART systemalso supports direct accessby unfamiliar input patterns which are
not prototypes, but which shareinvariant properties with learned prototypes, in the
sensethat they satisfy the Direct AccessConditions.
22. DIRECT ACCESSAFTER LEARNING SELF-STABILIZES

We can now prove that all patterns directly access their categories after the
recognition learning processself-stabilizes. In order to discuss this property precisely, we define three types of learned templateswith respectto an input pattern I:
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FIG. 11. Subset, superset,and mixed templates VU) with respect to an input pattern I: In (a), (b),
and (c), the lower black bar designatesthe set of Fl nodes that receive positive bottom-up inputs due to
I. The upper black bar designatesthe set of Fl nodes that receivepositive top-down inputs due to the
template VU). (a) denotesa subsettemplate VU) with respectto I. (b) denotesa supersettemplate VU)
with respect to I. (c) denotesa mixed template VU) with respect to I. When node vi in F2 is not an
uncommitted node, the top-down LTM traces in the template VU) are large if and only if the LTM
traces in the corresponding bottom-up pathways are large (Sect. 15). The absolute bottom-up L TM
trace size depends inversely upon the size I VIi) I of V(i), due to the Weber Law Rule (Sect. 14). Larger
L TM traces are drawn as larger endings on the bottom-up pathways. The arrow heads denote the
pathways that are activated by I before any top-down template influences Fl.

subset templates, supersettemplates, and mixed templates. The L TM traces of a
subset template V satisfy V ~ I: they are large only at a subsetof the F1 nodes
which are activated by the input pattern I (Fig. IIa). The L TM traces of a superset
template V satisfy V :) I: they are large at all the F1 nodes which are activated by
the input pattern I, as well as at some F1 nodes which are not activated by I (Fig.
lIb). The LTM tracesof a mixed template V are large at some, but not all, the F1
nodes which are activated by the input pattern I, as well as at someF1 nodes which
are not activated by I: the set I is neither a subsetnor a supersetof V (Fig. IIc).
THEOREM6 (Direct access after learning self-stabilizes). Assume the model
hypothesesof Section18. After recognitionlearninghasself-stabilizedin responseto an
arbitrary list of binary input patterns, eachinput pattern I either has direct accessto
the node Vjwhichpossesses
the largestsubsettemplatewith respectto I, or I cannotbe
coded by anynodeof F2. In the latter case, F2 containsno uncommittednodes.
Remark. The possibility that an input pattern cannot be coded by any node of
F2 is a consequenceof the fact that an ART network self-stabilizesits learning in
response to a list containing arbitrarily many input patterns no matter how many
coding nodes exist in F2.If a list contains many input patterns and F2contains only
a few nodes,one does not expect F2 to code all the inputs if the vigilance parameter
p is close to 1.
Proof Since learning has already stabilized, I can be coded only by a node vj
whose template yU) is a subsettemplate with respectto I. Otherwise,after template
yU) = Y was read-out, the set yU) would contract from Y to I n Y by Corollary 2
(Sect. 20), thereby contradicting the hypothesis that learning has already stabilized.
In particular, input I cannot be coded by a node whose template is a superset
template or a mixed template with respect to I. Nor can I be coded by an
uncommitted node. Thus if I activates any node other than one with a subset
template, that node must be resetby the orienting subsystem.

(111)
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For the remainder of the proof, let vJ be the first F2 node activated by I. We
show that if V(J) is a subsettemplate, then it is the subsettemplate with the largest
index set; and that if the orienting subsystemresets vJ, then it also resets all nodes
with subset templates which get activated on that trial. Thus either the node with
maximal subsettemplate is directly accessed,or all nodes in F2 that are activated by
I are quickly reset by the orienting subsystem because learning has already
self-stabilized.
If vi is any node with a subsettemplate VU) with respect to I, then the Order
Function
D2LIVU>1

0=
}

L-l+/VU>I'

by (108). Function OJ in (111) is an increasing function of lyU)I. Thus if the first
chosen node vJ has a subset template, then V(J) is the subset template with the
largest index set.
If Vjis any node with a subsettemplate VU) with respect to I, then the Reset
Function

R=
}

II n yU>1

=

lyU>1

III

III

by (109). Once activa~ed,sucha node vi will be resetif
RJ < p.

(113)

Thus if the node with the largest index set VU) is reset, (112) and (113) imply that
all other nodes with subsettemplates will be reset.
Finally, supposethat VJ' the first node activated,does not have a subsettemplate,
but that somenode vi with a subsettemplate is activated in the courseof search.We
need to show that II n VU)I = IVU)I < pili, so that vi is reset. Since vi has a
subset template,

0=
J

D2LIVU>1

L-l+IVu>1

Since II n V(J)I ~ IV(J)I
D2L!V(J)
L -1

I

+ I V(J) I

(114)

Since VJwas chosen first, OJ> OJ"Comparison of (111) and (114) thus implies that
IV(J)I > IV(j)l. Using the properties OJ < OJ' II n V(J)\ < pili, and IV(J)I >
IV(j)1 in turn, we find

IVU)I
L -1

+lyU)1

<

II n y(J)1

L-l+ly(J)1
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which implies that
IInVUJ!=IVUJ!<pIII.
Therefore all
Theorem 6.

F2 nodes are reset if

(116)

vJ is reset. This completes the proof of

Theorem 6 shows that, in responseto any familiar input pattern I, the network
knows how to directly accessthe node vi whose template VUJ correspondsto the
prototype 1* = VUJ which is closest to I among all prototypes learned by the
network;. Becausedirect accessobviates the need for search, recognition of familiar
input patterns and of unfamiliar patterns that share categorical invariants with
familiar patterns is very rapid no matter how large or complex the learned
recognition code may have become. Grossberg and Stone [12] have, moreover,
shown that the variations in reactiontimes and error rates which occur during direct
accessdue to prior priming events are consistent with data collected from human
subjectsin lexical decisionexperimentsand word familiarity and recall experiments.
Theorems 5 and 6 do not specify how many list presentationsand F2 nodes are
needed to learn and recognizean arbitrary list through direct access.We make the
following conjecture: in the fast learning case,if F2 has at least n nodes, then each
member of a list of n input patterns which is presented cyclically will have direct
accessto an F2 node after at most n list presentations.
Given arbitrary lists of input patterns, this is the best possible result. If the
vigilance parameter p is close to 1 and if a nested set of n binary patterns is
presented in order of decreasingsize, then exactly n list presentationsare required
for the final code to be learned. On the other hand, if a nested set of n patterns is
presented in order of increasingsize, then only one list presentationis required for
the final code to be learned.Thus the numberof trials neededto stabilize learning in
the fast learning casedependsupon both the ordering and the internal structure of
the input patterns, as well as upon the vigilance level.
23. ORDER OF SEARCH: MATHEMATICAL ANALYSIS

The Order Function

o-j -L

D2LII

n V(j) I

-1 + I VU) I

(108)

for previously coded nodes Vj shows that search order is det.ermined by two
opposing tendencies.A node Vjwill be searchedearly if II n VV)I is large and if
IVU)I is small. Term II n VUJI is maximized if VU) is a supersettemplate of I.
Term IVU)I is small if VU) codes only a few features. The relative importance of
the template intersection II n VU)I and the template size IVU)I is determined by
the size of L -1 in (108). If L -1 is small, both factors are important. If L -1 is
large, the template intersection term dominates search order. The next theorem
completely characterizesthe searchorder in the casethat L -1 is small.
THEOREM
7 (Searchorder). Assumethe model hypotheses
of Section18. Suppose
that input pattern I satisfies

1

L-l~m

(117)
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and
III ~ M -I

(118)

Then F2 nodesare searchedin thefollowing order, if they are reachedat all.
Subsettemplateswith respectto I are searchedfirst, in order of decreasingsize. If
the largest subsettemplateis reset, then all subsettemplatesare reset. Irall subset
templates have been reset and if no other learned templates exist, then the first
uncommittednode to be activatedwill codeI. If all subsettemplatesare searchedand if
there exist learnedsupersettemplatesbut no mixed templates,then the node with the
smallestsupersettemplatewill be activatednext and will codeI. If all subsettemplates
are searchedand if both supersettemplatesV(J) and mixed templatesVU) exist, then
vi will be searchedbefore vJif and only if
II n VU)I

III

and

IV(j}1 <IV(J}I

iViJij<

IvU)1

(119)

If all subsettemplatesare searchedand if there exist mixed templatesbut no superset
templates, then a node vi with a mixed templatewill be searchedbefore an uncommitted node vJ if and only if

The proof is based upon the following lemma.
LEMMA 1. If (117) holds, then for any pair of F2 nodes vJ and Vj with learned
templates, OJ > OJ if either

II n V(J)I
Iv(J)1

>

II n VU)I
IV(j)1

or
II n y(J)1
ly(J)1

=

II () y(j)

I

and

IY(j)1

IV(J>I>IVU>[

(122)

Proof of Lemma 1. We need to show that if either (121) or (122) holds, then
OJ> OJ.By (108), OJ> OJis equivalentto
II n V(J)I.IV(J)I-II

n V(J)I.IV(J)I

+(L -1)[11 n V(J)I -II

n V(J)I] > O.

(123)

Supposethat (121)holds.Then:
II n V(J)I.IV(J)I-II

n V(J)I.\V(J)I

> 0

Since L > 1, inequality (123) then follows at once if [II n V(J)I -II

n V(J)!J ~ O.
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Supposethat II n VU)I > II n V(J)I. Each term in (124) is an integer. The entire
left-hand side of (124) is consequentlya positive integer, so
IInV(J)I.IVU)I-IInV(})I.IV(J)1

~ 1>

III

-1

III
Inequality (124) also implies that II n V(J)I ~ 1, and in general III ~ II n VU)I
Thus by (117) and (125),
II n V(J)I.IVU)I-II

n VU)I.IV(J)l

> (L -1)(111 -1)
~ (L -1)[11 n VU)I -II

n V(J)I]

(126)

Inequality (126) implies (123),and hence OJ> OJ'
Suppose next that (122) holds. Then
IInV(J)I.IVU)I-IInVU)I.IV(J)1
Also,

IV(J)I

=0.

(127)

> IV(JJI, so

II n V(J)I = !V(])!
TVU>T > 1
II n V(j)1

(128)

Equations (127) and (128) imply (123), thereby completing the proof of Lemma 1.
We can now prove the theorem.
Proof of Theorem7. First we show that a node vJ with a subset template is
searchedbefore any node Vjwith a mixed or supersettemplate. SinceI n V(J) = V(J)
but I n VU) is a proper subsetof VU),
II n V(J)I

= IV(J)I =1>

IV(J)I

Iv(J)1

II nvu>1

Ivu>1

By (121) in Lemma 1, OJ> OjOThus all subsettemplatesare searchedbefore mixed
templates or learned supersettemplates.
We next show that a node UJ with a subsettemplate is also searchedbefore any
uncommitted node UjOSince
0 = D2 L Zij'
J

iel

the Direct Access Inequality (54) implies that
0.<
J

D2LIII

L-l+M

The right-hand side of (131) is an increasingfunction of L. Thus by (117).
D2LIII

L-l+M
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Inequality (118) implies that
< D2

On the other hand, since \V(J)\ ~ 1,

Inequalities (131)-(134) together imply OJ > OJ"
If vJ has a subsettemplate, then II () V(J)I = IV(J)I. Thus all nodes with subset
templates have the sameratio II () V(J)IIV(J)I-1 = 1. By (122) in Lemma 1, nodes
with subsettemplatesare searchedin the order of decreasingtemplate size.
If all subsettemplatesare searchedand if no other learned templates exist, then
an uncommitted node will be activated. This node codes I becauseit possessesan
unlearned supersettemplate that does not lead to F2 reset.
Suppose all subset templates have been searchedand that there exist learned
supersettemplates but no mixed templates.If node vJhas a supersettemplate V(J),

then
D2LIII

OJ=

T_1.Llv(J)1

By (135), the first supersetnode to be activated is the node vJ whose template is
smallest. Node vJ is chosenbefore any uncommitted node vi because,by (54),
D2LIII

> Dz L Zij(O) = OJ.
iEI

(136)

If vJ is activated, it codes I becauseits template satisfies
II n v(J)1 = III ~ pili
Suppose that all subsettemplatesare searchedand that a supersettemplate V(J)
and a mixed template VU) exist. We prove that OJ> OJ if and only if (119) holds.
Suppose that (119) holds. Then also
II n V(J)I =
Iv(J)1

III

II n VU)I
(138)

Tv<1>T< IV(j)1

By condition (121) of Lemma 1, OJ> OJ. Conversely,supposethat OJ > OJ.
II n Vu>1
L -1

+ IVU)I

>

II n V(J)r
L -1

+ Iv(J)1

III

-

L -1

+ IV(J)I

.
+
~
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Since V(}) is a mixed template with respect to I, I I n V(}1
implies that IV(})I < IV(J)I as well as

Iln

VUJI.IV(JJI-III./VUJI

< I I I. Thus (139)

> (L -1)[111 -llnYUJf]

>0,

(140)

from which (119) follows. This completesthe proof of Theorem7.
Note that Lemma 1 also specifiesthe order of searchamongmixed templates.If
all the activated mixed template nodes are reset, then .the node vJwith the minimal
supersettemplate will code I. Unless (120)holds, it is possible for an uncommitted
node VJto code I before a node with a mixed template Vjis activated. Inequality
(120) does not automatically follow from the Direct Access Inequality (54) because
II n V(})I may be much smaller than III when V(}) is a mixed template.
24. ORDER OF SEARCH: COMPUTERSIMULAllONS

Figures 12 and 13 depict coding sequencesthat illustrate the order of search
specified by Theorem 7 when (L -1) is small and when the vigilance parameterp is
close to 1. In Fig. 12, each of nine input patterns was presentedonce. Consider the
order of search that occurred in responseto the final input pattern I that was
presented on trial 9. By trial 8, nodes VM+1and VM+2had already encoded subset
templates of this input pattern. On trial 9, these nodes were therefore searchedin
order of decreasingtemplate size.Nodes VM+3'VM+4'VM+5'and VM+6had encoded
mixed templates of the input pattern. These nodes were searchedin the order
VM+3-+ VM+5-+ VM+4.This search order was not determined by template size
per se, but was rather governedby the ratio II (') VU)IIVU)I-1 in (121) and (122).
.
9
14
7
. I S.
These ratios for nodesVM+3'VM+5'and VM+4were 10'
16'
and 8'
respective
y. mce
~ = t, node VM+5was searchedbefore node VM+4because IV(M+5)1= 16 > 8 =
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FIG. 12. Computer simulation to illustrate order of search: On trial 9, the systemfirst searchessubset
templates, next searchessome, but not all, mixed templates,and finally recodesthe smallest superset
template. A smaller choice of vigilance parametercould have terminated the searchat a subsettemplate
or mixed temDlatenode.
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FIG. 13. Computer simulation to illustrate order of search: Unlike the searchdescribedin Fig. 12, no
learned supersettemplate exists when the searchbeginson trial 8. Consequently,the systemfirst searches
subset templates,next searchesmixed templates,and finally terminates the searchby coding a previously
uncommitted node.

IV(M+4)1.The mixed template node VM+6was not searched.After searching VM+5'
the network activated the node VM+7 which possessedthe smallest supersettemplate. A comparison of rows 8 and 9 in column 7 shows how the supersettemplate
of v M+7 was recoded to match the input pattern. By (119), the supersettemplate
node VM+7was searchedbefore the mixed template node VM+6becausethe ratio
IIllv(M+7)1-1 = * was larger than II n V(M+6)IIV(M+6)1-1 = ti.
The eight input patterns of Fig. 13 illustrate a searchfollowed by coding of an
uncommitted node. The last input pattern I in Fig. 13 is the sameas the last input
pattern in Fig. 12. In Fig. 13, however,there are no supersettemplatescorresponding to input pattern I. ConsequentlyI was coded by a previously uncommitted
node VM+8on trial 8. On trial 8 the network searchednodes with subsettemplates
in the order VM+2-+ VM+l and the mixed template nodes in the order VM+4-+ VM+6
-+ VM+5-+ VM+7.The mixed template node VM+3was not searchedbecauseits
template badly mismatched the input pattern I and thus did not satisfy (120).
Instead, the uncommitted node v M+ 8 was activated and learned a template that
matched the input pattern. If (L -1) is not small enoughto satisfy inequality (117),
then mixed templates or supersettemplates may be searchedbefore subset templates. For all L > 1, however,Theorem 6 implies that all input patterns have direct
accessto their coding nodes after the learning processequilibrates.
25. BIASING THE NETWORK TOWARDSUNCOMMITTED NODES

Another effect of choosing L large is to bias the network to chooseuncommitted
nodes in responseto unfamiliar input patterns I. To understand this effect, suppose
that for all i and j,

Zjj(O) = L -1

L

+ M

(71)
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Then when I is presented,an uncommitted node is chosenbefore a__~oded
node vi if
II n V(J)!
L -1

+ IV(J)]

<

III

L-l+M

This inequality is equivalentto
I I n V (j) I
<

III

L-l+IV(!)[
I

L-1+1\1

As L increases,the ratio
L -1

L -1

+lyU)1

+ M

-.1,

whereas the left-hand side of (142) is always less than or equal to 1. Thus for large
values of L, the network tends to code unfamiliar input patterns into new categories, even if the vigilance parameter p is small. As L increases,the automatic
scaling property (Sect. 2A) of the network also becomes weaker, as does the
tendency to searchsubsettemplatesfirst.
Recall that parameterL describesthe relative strength of the bottom-up competition among LTM traces which givesrise to the Weber Law Rule (Sect. 12B), with
smaller L correspondingto strongerL TM competition. Thus the structural process
of L TM competition works with the state-dependentprocessof attentional vigilance
to control how coarsethe learnedcategorieswill be.
26. COMPUTER SIMULAnON OF SELF-SCALINGCOMPUTATIONALUNITS:
WEIGHING THE EVIDENCE

We can now understand quantitatively how the network automatically rescalesits
matching and signal-to-noisecriteria in the computer simulations of Fig. 7. On the
first four presentations,the input patterns are presentedin the order ABAB. By trial
2, learning is complete. Pattern A directly accessesnode V,\(+l on trial 3, and
pattern B directly accesses
node VM+2on trial 4. Thus patterns A and B are coded
within different categories.On trials 5-8, patterns C and D are presented in the
order CDCD. Patterns C and D are constructed from patterns A and B, respectively, by adding identical upper halves to A and B. Thus, pattern C differs from
pattern D at the samelocations where pattern A differs from pattern B. However,
becausepatterns C and D representmany more active features than patterns A and
B , the difference betweenC and D is treated as noise and is deletedfrom the critical
feature pattern of VM+3which codesboth C and D, whereasthe difference between
A and B is consideredsignificantand is included within the critical feature patterns
of vM+l and VM+2'
The core issue in the network's different categorization of patterns A and B
versus patterns C and D is the following: Why on trial 2 does B reject the node
VM+l which has coded A, whereas D on trial 6 accepts the node VM+3which has
coded C? This occurs despite the fact that the mismatch between B and V(M+l)
equals the mismatch betweenD and V(M+3):
IBI -IB

n V(M+l)1

= 3 = IDI

-ID

n V(M+3)1
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The reasonis that

whereas
ID n V(M+3)1
101

14
-17.

(146)

In this simulation, the vigilance parameterp = 0.8. Thus
IB n V(M+l)1

10 n V(M+3)j

(147)
By (73), pattern B resets VM+1 on trial 2 but D does not reset VM+3 on trial 6.
Consequently, B is coded by a different categorythan A, whereasD is coded by the
same category as C.
27. CONCLUDING REMARKS: SELF-STABILIZATIONAND UNITIZATION
WITHIN ASSOCIATIVENETWORKS

Two main conclusionsof our work are especiallysalient. First, the code learning
processis one of progressiverefinementof distinctions. The distinctions that emerge
are the resultant of all the input patterns which the network ever experiences,rather
than of some preassignedfeatures.Second,the matching processcompares whole
patterns, not just separatefeatures.It may happen that two different input patterns
to F1 overlap a template at the same set of feature detectors, yet the network will
reset the F2 node in response to one input but not the other. The degree of
mismatch of template pattern and input pattern as a whole determines whether
coding or reset will occur. Thus the learning of categorical invariants resolvestwo
opposing tendencies.As categoriesgrow larger, and hence code increasingly global
invariants, the templates which define them become smaller, as they discover and
base the code on sets of critical feature patterns, or prototypes, rather than upon
familiar pattern exemplars.This article shows how these two opposing tendencies
can be resolved within a self-organizingsystem,leading to dynamic equilibration, or
self-stabilization, of recognition categories in response to an arbitrary list of
arbitrarily many binary input patterns. This self-stabilization property is of major
importance for the further developmentof associativenetworks and the analysis of
cognitive recognition processes.
Now that properties of self-organization, self-stabilization, and self-scaling are
completely understood within the class of ART networks described herein, a
number of generalizations also need to be studied. Within this article, an input
pattern to level F1 is globally grouped at F2 when the F2 population which receives
the maximal input from the F1 -+ F2 adaptive filter is chosenfor short term memory
(STM) storage. Within the total architecture of an ART system, even this simple
type of F2 reaction to the F1 -+ F2 adaptive filter leads to powerful coding
properties. On the other hand, a level F2 which makes global choices must be
viewed as a special caseof a more general designfor F2.~
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If the second processingstage F2 makes a choice, then later processingstages
which are activated by F2 alone could not further analyse the input pattern across
Fl' The coding hierarchy for individual input patterns would end at the choice, or
global grouping, stage. By contrast, a coding scheme wherein F2 generates a
spatially distributed representationof the Fl activity pattern, rather than a choice,
could support subsequentlevels F3,F4,..., Fn for coding multiple groupings, or
chunks, and thus more abstractinvariants of an input pattern. This possibility raises
many issues concerningthe properties of theseconfigurations and their invariants,
and of the architectural constraints which enable a multilevel coding hierarchy to
learn and recognize distributed invariants in a stable and globally self-consistent

fashion.
A parallel neural architecture, called a maskingfield [9, 11, 12, 24-26, 36] is a
type of circuit designfrom which F2-and by extensionhigher levels F3,F4,..., Fn
-may be fashioned to generatedistributed representations of filtered input patterns. Masking field properties are of value for visual object recognition, speech
recognition, and higher cognitive processes.Indeed, the same circuit design can be
used for the developmentof general spatially distributed self-organizingrecognition
codes. The purpose of a masking field is to detect simultaneously, and weight
properly in STM, all salient parts, or groupings,of an input pattern. The pattern as
a whole is but one suchgrouping. A masking field generatesa spatially distributed,
yet unitized, representationof the input pattern in STM. Computer simulations of
how a masking field can detect and learn unitized distributed representationsof an
input are found in Cohen and Grossberg[24-26]. Much further work needs to be
done to understand the design of ART systemsall of whose levels F; are masking
fields.
Other useful generalizationsof the ART systemanalysed herein include systems
whose learning rate is slow relative to the time scale of a single trial; systems in
which forgetting of L TM values can occur; systems which processcontinuous as
well as binary input and output patterns; and systems in which Weber Law
processingis realized through competitive STM interactions among Fl nodes rather
than competitive L TM interactions among bottom-up L TM traces (Sect. 12B). All
of these generalizationswill be consideredin our future articles of this series.
Preprocessingof the input patterns to an ART systemis no less important than
choosing levels F; capable of supporting a hierarchy of unitized codesof parts and
wholes. In applications to visual object recognition, neural circuits which generate
pre-attentively completed segmentationsof a visual image before these completed
segmentationsgenerateinputs to an ART network have recently been constructed
[37-40]. In applications to adaptive speechrecognition, inputs are encodedas STM
patterns of temporal order information across item representations before these
STM patterns generateinputs to an ART network [9, 11-13, 24, 26, 36]. Further
work needs to be done to characterizethesepreprocessingstagesand how they are
joined to their ART coding networks. Although a great deal of work remains to be
done, results such as those in the presentarticle amply illustrate that the whole is
much greater than the sum of its parts both in human experience and in selforganizing models thereof.
APPENDIX

Table 1 lists the constraints on the dimensionlessmodel parametersfor the system
summarized in Section 18. We will now show that the f Rule holds when these

ADAPTIVE PAn'ERN RECOGNITION

constraints are satisfied. Then we describe four alternative, but dynamically equivalent, systems for realizing the t Rule and attentional gain control.
Recall that Xi (i = 1... M) denotesthe STM activity of an F1 node Vi; that Xj
(j = M + 1... N) denotesthe STM activity of an F2 node vi; that Zij denotes the
strength of the LTM trace in the bottom-up pathway from vito Vi; that Zji denotes
the strength of the LTM trace in the top-down pathway from Vj to Vi; that Ii
denotes the bottom-up input to Vi;that I denotesthe set of indices i E {I... M} Vi
such that Ii > 0; that X = X(t) denotesthe set of indicesi such that Xi(t) > 0; and
that y(j) = y(J)(t) denotesthe set of indices i such thatzji(t) > z.
Combining equations (8), (10), (11), and (12), we find the following equation for
the ith STM trace of F1
f

dx.I

dt

When F2 is inactive, all top-down signals f(Xj) = O. Hence by (AI),
dXj

= -Xi + (1 -A1xi)Ii

dt
When the F2 node vJ is active, only the top-down signal f(xJ) is nonzero. Since
f(xJ) = 1,
e

dxj = -Xi + (1 -A1xi)(Ii

+ D1zJI) -(B1

+ C1Xj)

dt

(A3)

Since each Xi variable changesrapidly relative to the rate of changeof the L TM
trace ZJi (since 0 < E «
By (A2),

1), then Xi is always close to its steady state, dXi/dt

= O.

then

Xi= l-~

I

I

if £2 is inactive

(A4)

and, by (A3),
if the F2 node vJ is active.

(A5)

The t Rule, as definedby

x=\

I

if F2 is inactive

I n y(J)

if the F2 node vJis active,

(47)

can be derived as follows. Note first that (A4) implies that, when £2 is inactive,
Xi > 0 iff Ii > 0; i.e., X = I. On the other hand, if vJ is active, (A5) implies that
Xi>

0

iff ZJi >

Bl

-Ii

Dl.

(A6)

~l
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The ~ Rule requires that Xi be positive when the FI node Vi is receiving large
inputs, both top-down and bottom-up. Thus setting ZJi = 1 And Ii = 1 (their
maximal values) in (A6) implies the constraint:
1 >

D1

The t Rule also requires that Xi be negativeif Vi receivesno top-down input, even
if the bottom-up input is large. Thus setting ZJi = 0 and Ii = 1 in (A6) implies the
constraint:
0<

Bl

-1
;

jj~

Finally, the t Rule requires that Xi be negative if vi receivesno bottom-up input,
even if the top-down input is large. Thus setting Ii = 0 and ZJi = 1 in (A6) implies
the constraint
1<

Bl

Dl

Inequalities (A 7), (AS), and (A9) are summarizedby the

t Rule Inequalities
max{I,Dl}

< Bl < 1 + D]

Since 0 ~ Ii ~ 1, (A6) also shows that if vJ is active and if
ZJi(t) ~

B-1
1
D1

then Xj(1) ~ 0; i.e., i $ X. However if i $ X, ZJjdecays toward 0 whenever vJ is
active. Thus if (AIO) is true at some time 1 = 10' it remains true for all 1 ~ 10.

Therefore

z=

B-1
1
Dl

is the critical top-down LTM strength such that if ZJi(tO)~ z, then ZJi(t) ~ z for
all t ~ to. Whenever vJis active and t ~ to, the F1 node Vi will be inactive.
Figure 14 depicts four ways in which attentional gain control can distinguish
bottom-up and top-down processingto implement the ~ Rule. All of thesesystems
generate the sameasymptote (AS) when F2 is active, and the sameasymptotes, up
to a minor change in parameters,when F2 is inactive. The parameters in all four
systemsare defined to satisfy the constraints in Table 1.
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FIG. 14. Design variations for realizing ~ Rule matching properties at Fl: In (a) and (b), F2 excites
the gain control channel, whereasin (c) and (d), F2 inhibits the gain control channel. In (b), the input
pattern I inhibits the gain control channel,whereasin (d), I excites the gain control channel. In (a) and
(d), the gain control channel phasicallyreacts to its inputs (closedcircles). Activation of the gain control
channel in (a) nonspecificallyinhibits Fl, and in (d) nonspecifically excites Fl. In (b) and (c), the gain
control channel is tonically, or persistently,active in the absenceof inputs (open circles surrounding plus
signs). Activation of the gain control channel in (b) nonspecificallyinhibits F!, and in (c) nonspecifically
excites Fl. In (c) and (d), the Fl cellsare maintained in a state of tonic hyperpolarization, or inhibition,
in the absenceof external inputs (open circlessurrounding minus signs). All four caseslead to equivalent

dynamics.

In Fig. 14a, F2 can phasically excite the gain control channel, which thereupon
nonspecifically inhibits the cells of Fl' Thus
E

dx.,

= -X; + (1 -AIX;)(

I; + DILf(Xj)Zj;)
,

dt

-(B1

+ C1X;)G1,

where

G1={I

if
if
if
if

I
I
I
I

is active and £2 is inactive
is inactive and £2 is active
is active and £2 is active
is inactive and £2 is inactive.

In other words Gl = >:::J(Xj).Thus (All) is just (AI) in a slightly different notation.
In Fig. 14b, the plus sign within an open circle in the gain control channel
designatesthat the gain control cells, in the absenceof any bottom-up or top-down
signals, are endogenouslymaintained at an equilibrium potential which exceeds
their output threshold. Output signals from the gain control cells nonspecifically
inhibit the cells of Fl. In short, the gain control channel tonically, or persistently,
inhibits Fl cells in the absenceof bottom-up or top-down signals. Bottom-up and
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top-down signals phasicallymodulate the level of nonspecificinhibitiono Ill:partieular, a bottom-up input alone totally inhibits the gain control channel, thereby
disinhibiting the cells of Flo A top-down signal alone maintains the inhibition from
the gain control channel, becausethe inhibition is either on or off, and is thus not
further increased by F2oWhen both a bottom-up input and a top-down signal are
active, their inputs to the gmncontrol channelcancel, thereby again maintaining the
same level of inhibition to Flo The STM equations at Fl are

where

Gz =

f~1

if
if
if
if

I
I
I
I

is active and £2 is inactive
is inactive and £2 is active
is active and £2 is active
is inactive and £2 is inactive

The equilibrium activities of Xi are as follows. If I is active and F2 is inactive, then
(A4) again holds. If I is inactive and F2 is active, then (AS) again holds. Equation
(AS) also holds if I is active and F2 is active. If I is inactive and F2 is inactive, then
-B1

xi~

1 + C1

,

which is negative; henceno output signals are generated.
In Fig. 14c, as in Fig. 14b, the gain control cells are tonically active (plus sign in
open circle). In Fig. 14c, however,thesecells nonspecificallyexcite the cells of Fl. In
the absenceof any external signals, FI cells are maintained in a state of tonic
hyperpolarization, or negative activity (denoted by the minus sign in the open
circle). The tonic excitation from the gain control cells balancesthe tonic inhibition
due to hyperpolarization and thereby maintains the activity of F2 cells near their
output threshold of zero. A bottom-up input can thereby excite FI cells enough for
them to generateoutput signals.When top-down signals are active, they inhibit the
gain control cells. Consequentlythose FI cells which do not receive bottom-up or
top-down signals becomehyperpolarized.Due to tonic hyperpolarization, FI cells
which receivea bottom-up signal or a top-down signal, but not both, cannot exeed
their output threshold. Only FI cells at which large top-down and bottom-up
signals convergecan generatean output signal.
The STM equations at FI are
E~

= -Xi + (1 -AlXi)(

Ii + DlLf(Xj)Zji

+ BlG)) -

Bl + C1X;),

(A16)
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where
{

G3 =

1

if [is active and F2 is inactive
ifIisinactive and F;is active
Q
ifI",iS'active
and F2 is active
"cc
1 if [ is inactive and F2 is inactive
0

The equilibrium activities O;fxj are as follows. If I is active and £2 is inactive, then

l;:

Xi=

1.+ All; + AlBl + Cl
Thus X; > 0 iff]; > O. If] is inactive and F2 is active, then (A5) holds. If] is active
and F2 is active, then (A5) holds. If ] is inactive and F2 is inactive, then
xI ~

BI -BI

= o.

(A19)

1 + AIBI + CI

Hence no output signalsare generatedfrom Fl. The coefficient Bl in term B1G) of
(A16) may be decreasedsomewhatwithout changing systemdynamics.
In Fig. 14d, the gain control cells are phasically excited by bottom-up signals and
inhibited by top-down signals.Once active, they nonspecifically excite Fl cells. In
the absenceof any external signals, Fl cells are maintained in a state of tonic
hyperpolarization, or negativity. In responseto a bottom-up input, the gain control
channel balancesthe tonic hyperpolarizationof Fl cells, thereby allowing those cells
which receive bottom-up inputs to fire. When a top-down signal is active, no gain
control outputs occur. Hence top-down signals alone cannot overcome the tonic
hyperpolarization enoughto generateoutput signals from Fl. Simultaneousconvergence of an excitatory bottom-up signal and an inhibitory top-down signal at the
gain control cells prevents thesecells from generatingoutput signals to Fl. Consequently, only those Fl cells at which a bottom-up input and top-down template
signal convergecan overcomethe tonic hyperpolarization to generateoutput signals.
The STM equations of Fl are
e

dxj

=

-X;

( I; + D1Lf(Xj)Zj;

+ (1 -AIX;)

dt

+ B1G4

Bl + C1X,

J

where
'1

G4 =

0

if
if
if
if

l~

I
I
I
I

is active and F2 is inactive
is inactive and F2 is active
is active and F2 is active
is inactive and F2 is inactive.

(A2l

The equilibrium activities of Xj are as follows. If I is active and £2 is inactive, then
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(A18) holds. If I is inactive and F2 is active, then (A5) holds. Equation (A5} ~lso
holds ifl is active and F2 is active. If I is inactive and F2 is inactive, lhen (A1S}
bolds.

C":-,=

In all four cases,an F1 cell fires only if the number of active excitatory pathw~ys
which converge upon the cell exceedsthe number of active inhibitory path~:p,Ys
which convergeupon the cell, where we count a sourceof tonic hyperpolarization as
oneiaPtirpathway. A similar rule governs the firing of the gain controlchanne[ iii"
all cases.
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