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Abstract-An historicaldiscussionisprovided ofthe intellectualtrendsthat causednineteenthcenturyinterdisciplinary
studies of physicsand psychobiologyby leading scientistssuch as Helmholtz, Maxwell, and Mach to splinter into
separate twentieth-centuryscientific movements.The nonlinear, nonstationary,and nonlocal nature of behavioral
and brain data are emphasized. Three sources of contemporaryneural network research-the binary, linear, and
continuous-nonlinearmodels-are noted. The remainder of the article describesresultsaboutcontinuous-nonlinear
models: Many models of content-addressable
memoryare shownto be specialcasesofthe Cohen-Grossbergmodel
and global Liapunov function, including the additive, brain-state-in-a-box,McCulloch-Pitts, Boltzmann machine,
Hartline-Ratliff-Millet; shunting,maskingfield, bidirectional associativememory, Volterra-Lotka,Gilpin-Ayala,and
Eigen-Schustermodels.A Liapunovfunctional method is describedfor proving global limit or oscillation theorems
for nonlinear competitivesystemswhen their decisionschemesare globally consistentor inconsistent,respectively.
Theformer caseis illustrated by a model of a globally stable economicmarket, and the latter caseis illustrated by
a model ofthe votingparadox. Key properties ofshunting competitivefeedbacknetworksare summarized, including
the role of sigmoid signalling, automatic gain control, competitivechoiceand quantization, tunable filtering, total
activity normalization,and noisesuppressionin pattern transformationand memorystorageapplications.Connections
to models of competitive learning, vector quantization, and categoricalperceptionare noted. Adaptive resonance
theory (ART) modelsfor selJstabilizing adaptivepattern recognition in responseto complexreal-time nonstationary
input environmentsare compared with off-line modelssuch as autoassociators,the Boltzmann machine,and back
propagation. Special attention is paid to the stability and capacity of these models,and to the role of top-down
expectationsand attentional processingin the active regulation of both learning and fast information processing.
Models whoseperformanceand learning are regulated by internal gating and matching signals,or by external
environmentallygeneratederror signals,are contrastedwith models whoselearning is regulated by external teacher
signals that haveno analog in natural real-time environments.Examplesfrom sensory-motorcontrol of adaptive
vector encoders,adaptivecoordinate transformations.adaptivegain control by visual error signals. and automatic
generation of synchronousmultijoint movement trajectories illustrate theformer model types. Internal matching
processesare shown capable of discoveringseveraldifferent types of inyariant environmentalproperties. These
includeART mechanismswhichdiscoverrecognitioninvariants. adaptivevectorencodermechanismswhichdiscover
movementinvariants. and autoreceptiveassociativemechanismswhich discoverinvariants of selJregulating target
position maps.
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"The foundationsof scienceas a whole,and of physicsin
particular, await their next great elucidations from the side
of biology,and especiallyfrom the analysisof the sensations
...psychological observationon the one side and physical
observationon the other may make such progressthat they
will ultimately come into contact, and that in this way new
facts maybe brought to light. The result of this investigation
will not be a dualism but rather a sciencewhich, embracing
both the organic and the inorganic, shall interpret the facts
that are common to the two departments." (Mach, 1914)
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1. INTRODUcnON
The physical and mathematical theory of neural networks has been developingrapidly during the past 25
years. It is a theory whose diversity and complexity
reflectthe multifaceted organization of the brain processesthat it setsout to explain. In this article, I will
summarize some of the unifying principles, mechanisms, and mathematical methods that arise in this
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theory,as well as someof the specializedneural architectures which are important both in physicalanalyses
of behavioral and brain data and in the development
of novel technologies.
I will beginthis article with somehistorical remarks
that may clarify the complex and often confusing sociological milieu in which these exciting intellectual
developmentshave beentaking place.

2. INTERDISCIPLINARY STUDIES
DURING THE NINETEENTH CENTURY:
HELMHOLTZ, MAXWELL, AND MACH
Interdisciplinary studiesflourishedduring the nineteenthcentury. In addition to pursuing their greatwork
in physics,scientistssuchas Helmholtz, Maxwell, and
Mach also made seminal contributions to psychology
and neurobiology (Boring, 1950;Campbell& Garnett,
1882;Glazebrook, 1905;Koenigsberger,1906; Ratliff,
1965).Their interestsin the structure of physicalspacetime werebalancedby a fascinationwith psychological
space-time.Thus their contributions to understanding
the observedworld developedside-by-sidetheir analysis
of the observer.
For example, everyphysicistknows aboutthe Mach
numbersand about the influence of Mach's ideasupon
Einstein'sthinking during the developmentof relativity
theory. Mach is also famous, however,for his investigations of the Mach bands in vision. Surprisingly few
scientistshave studied both types of contributions in
school. In a similar way, every physicistknows about
Maxwell's fundamental contributions to electromagnetic theory and to the moleculartheory of gases.Maxwell is equally well known, however,for his work on
developingtrichromatic color theory.
Helmholtz's life is an inspiration to us all. Trained
as an M.D., his experimentson the velocity of electrical
signals in nerve axons led him to help discoverthe
principle of conservationof energy,which is one of the
cornerstonesof nineteenth-centuryphysics.He made
fundamental contributions to optics, which servedas
a foundation for his classicalcontributions to vision.
His work in acoustics likewise supported his major
contributions to hearing.
Thus during the last half of the nineteenthcentury,
a number of greatscientistsfunctioned successfullyin
an interdisciplinary researchmode and made lasting
contributions to both the physicaland psychobiological
sciences.

3. THE SCHISM BETWEEN PHYSICS
AND PSYCHOLOGY
It is often acceptedas a truism that successbreeds
success,
just as moneymakesmoney.Likewise,the great
interdisciplinary successes
of Helmholtz, Maxwell,and
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Mach might have been expected to breed droves of
dedicated interdisciplinary disciples. This did not,
however,occur. In the next generation of physicists,
Einstein himself, in a letter to his friend Queen Elizabeth of Belgium in 1933,wrote: "Most of us prefer
to look outside rather than inside ourselves;for in the
lattercasewe seebut a dark hole, which means:nothing
at all" (Nathan & Norden, 1960,p. 567).
Thus a schism of major scientific importance occurred towardsthe emdof the nineteenthcentury. Scientistswhosework was previously greatlyenergizedby
interdisciplinary investigations of physics and psychologywere rapidly replaced by scientistswho rarely
had evena rudimentary knowledge of the other field.
Although the explosion of scientific knowledgeduring
the twentieth century, with its attendant requirement
to specialize,surelycontributed to this schism, deeper
intellectual factorse~acerbatedthis schism. An understanding of these factorsis useful for appreciatingthe
scientificclimate in which neural network researchhas
beencarried out during the past few decades.
4. THE NONLINEAR, NONLOCAL, AND
NONSTATIONARY PHENOMENA
OF MIND AND BRAIN
Basic causesof this schism emerged from the scientific work of the very pioneers, such as Helmholtz,
Maxwell, and Mach, whose interdisciplinary careers
we have beenconsidering.Two examplesfrom Helmholtz's work on visual perceptionare illustrative.
A. Color Theory
In the classical Newtonian approach to color theory,
white light is defined by an energy spectrum that is
locally measurable at each point in space. In contrast,
Helmholtz realized that, during visual perception, the
averagecolor of a whole scenetends to look white (Beck,
1972; Helmholtz, 1962). Thus, instead of being reduceable to local measurements at each location, the
analysis of how humans perceive white light at each
location necessitates an investigation of long-range (or
nonlocal) interactions across a network of locations.
Such investigations disclosed the role of these interactions in "discounting the illuminant," or enabling humans and other speciesto detect the actual reflectances
of visible surfaces under a wide variety of illumination
conditions. In addition to being nonlocal, the network
interactions which discount the illuminant, being sensitive to image reflectances, are also nonlinear. The
neural processes whereby illuminants are discounted
are still the subject of intensive experimental and theoretical investigation (Arend, Buehler, & Lockhead,
1971; Com sweet, 1970; Hurvich, 1981; Land, 1977;
Mollon & Sharpe, 1983) and only recently have a large
number of paradoxical brightness and color phenomena
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beenanalysedin a unified way using a real-time neural
network model (Cohen& Grossberg,1984;Grossberg,
1987a, 1987b; Grossberg& Mingolla, 1985a, 1985b;
Grossberg& Todorovic, in press).
B. Top-DownLearning, Expectation, and Matching
Helmholtz facedanotherbarrier whenhe attempted
to conceptualizethe processof visual perceptionitself.
His conceptionis known asthe doctrine of unconscious
inference(Boring, 1950).This doctrine held that a raw
sensorydatum, or perzeption,is modified by previous
experiencevia a learned imaginal increment, or vorstellung, before it becomesa true perception, or anschauung.Thus Helmholtz realized that we perceive,
in part, what we expectto perceivebased upon past
learning.
Helmholtz's doctrine can be recast in modern terminology as follows (Figure I). Bottom-up environmentally-activatedinput signalstriggerthe read-out of
learned top-down expectations.These bottom-up and
top-down data cooperate and compete through a
matching processuntil they generatean emergentconsensuswhich is the final percept. Such a cooperativecompetitive networkinteractionalsorequiresnonlinear
and nonlocal interactions. In addition, the learning of
top-downexpectationsrequiresa nonstationaryprocess.
Thus Helmholtz's experimentaldiscoveriesabout visual
perception led to the realization that theoretical understandingof thesephenomenawould require the discoveryof appropriate nonlinear,nonlocal, and nonstationary mathematics,which are now being developed
on multiple fronts.
In contrast, much of the mathematicsavailable for
physicaltheorizing during the nineteenth century was
linear, local, and stationarymathematics.Thus the experimental discoveriesabout mind and brain by workers like Helmholtz, Maxwell, and Mach clarified that

-

BOTTOM-UP
LEARNING

-

TOP-DOWN
LEARNING
(EXPECT AT ION)

COOPERATIONCOMPETITION

T
FIGURE 1. Bottom-up inputs and learned top-down expectations
interact via a co-operative-competitive
matching process until
they generate an emer!~ent consensus w'hich represents the
final, or resonant,

percE'pt.

the available mathematicswere not sufficient for supporting a sustainedtheoreticalpenetrationof mind and
brain mechanisms.Sincetheoreticalscientistsrely upon
appropriate mathematicalbread-and-buttertechniques
to expressand developtheir deepestintuitive ideas,the
mismatch between psychological phenomena and
nineteenth-centurymathematicscreatedan intellectual
crisis for all theorists who might havewished to study
mind and brain.
This schism was exacerbatedby the fact that the
major revolutions of twentieth-century physics could
be supported by nineteenth-centurymathematics.For
example,when Einstein finally realized that he needed
a certain type of mathematics to expressthe general
relativity theory, his burden was significantly lightened
by the fact that nineteenth-century Riemannian geometry provided a perfecttool. As the early quantum
mechaniciansstruggledtowards expressingtheir intuitive insights using matrix theory and linear operator
theory, theytoo weregreatlyaided by strongnineteenthcentury mathematicaltraditions.
A major approach-avoidanceparadigm was hereby
establishedin the practice of theoreticalscience.Theoretical physicists abandoned psychology and neurobiology to rapidly fashion theories about the external
world that could be quantitatively supported by available mathematicalconceptsand methods.Psychologists
and neurobiologistsreturned the favor by abandoning
physicalconceptsand mathematics that seemedirrelevant to their data and, over time; by also eschewing
and even denegrating theoretical and mathematical
trainihg in general. This bifurcation was already apparent during the unfolding of Helmholtz's scientific
life. Beginning his careeras an M.D., he ended it as
the first Presidentof the new Physico-technicalInstitute
in Berlin (Koenigsberger,1906).

5. THE NATURE OF AN
ENDURING SYNTHESIS
Left without an appropriate framework of concepts
and mathematicaltechniquesfor interpreting and unifying their experiments, psychologistsand neurobiologistsnonethelesswent about accumulatingone of the
largestand most sophisticatedsetsof data basesin the
history of science.Remarkably,they accomplishedthis
feat during a century of controversythat was spawned
by the unavailability of a unifying theoretical and
mathematical framework for explaining their data. As
Hilgard and Bower(1975)havenoted in their important
textbook about theories ofleaming "Psychologyseems
to be constantly in a state of ferment and change,if
not of turmoil and revolution" (p. 2).
While mostmind and brain experimentalistsignored
theory and most theorists looked for more hospitable
frontiers, there arose the widespread tendency to interpret brain function in terms of whatevertechnolog-
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ical developmenthappened to be current. The everexpandinglist of technologicalmetaphorsto which the
brain has beencompared includes telegraph circuits,
hydraulic systems, information processingchannels,
digital computers,linear control systems,catastrophies,
holograms,and spinglasses.All of thesemetaphorshave
been unable to explain a substantialdata base about
brain and behavior,as well they might, since none of
them arose from a sustainedanalysisof behavioral or
brain data.
The schism between physics and psychologyencouragedtheorists trained in the physics tradition to
believethat no theoriesof behaviorand brain exist. An
inquiry about availabletheories by an interestedphysicist more often than not would confirm this impression, becausethe schismhas prevented most psychologists and neurobiologists from getting the training
necessaryto understandthe theories that have begun
to copewith the nonlinear,nonlocal,and nonstationary
nature of behavioraland brain data. Thus the theories
which hold the greatestpromise have been the ones
that have been most difficult to evaluate in the social
climate spawnedby the great schism.
We can recognizein this sociologicalmilieu touches
of irony whenwe acknowledgethat a key scientificissue
in understandingbehaviorand brain is to explain how
humans rapidly and spontaneouslyadaptto noisy and
complex environments whose rules may change unexpectedly,or in William Jame$'engagingphrase:How
do we cope with the "blooming buzzing confusion" of
every day? It remains to be seenhow the severalscientific communities now convergingwith enthusiasm
but vastly different training and goals upon the interdisciplinary study of mind and brain will assimilatethe
noisy and unexpected constraints imposed by each
others' existence,notably by the fact that, despitethe
extra burden of difficult sociologicalconditions, relevant theories of mind and brain have beendeveloping
rapidly during the past few decades.

6. SOURCES OF NEURAL NETWORK
RESEARCH:BINARY, LINEAR,
CONTINUOUS-NONLINEAR
A. Binary
At least three sources of neural network research
can be identified which havehad a substantialinfluence
on contemporary research.The streams of research

generatedby the sourceshave intersectedin complex
ways through the years and have tended to converge
during the past severalyears.The presentbrief review
merely setsthe stagefor the article's later discussions.
Due to the sheersizeand complexity of the neural network literature,this review must necessarilybeselective.
Other recentcollections of classicaland current neural
network results include both articles (Carpenter &
Grossberg, 1987b; Grossberg, 1987e; Hecht-Nielsen,
1986; Hestenes,1987; Levine, 1983; Szu, 1986)and
books (Amari & Arbib, 1982;Denker, 1986;Grossberg,
1982, 1987c, 1987d, 1988; Grossberg& Kuperstein,
1986;Hinton & Anderson,1981;Kohonen, 1977,1984;
McClelland & Rumelhart, 1986; Rumelhart & McClelland, 1986).
Table 1 indicates severalof the contributions that
initiated or illustrate significantresearchdevelopments.
The streamof binary neural networkswasinitiated by
the classicalarticle of McCulloch and Pitts (1943).This
article investigatedthreshold logic systemsof the form
Xj(t + I) = sgn[2:; Ajjxj(t) -BJ,

where sgn (w) = + 1 if w > 0,0 if w = 0, and -1 if w
< O. Suchbinary systemswereinspired in part by neurophysiologicalobservationsshowingthat neuralsignals
betweenmany cells are carried by all-or-none spikes.
The variablesXi in Equation (I) are often called short
term memory (STM) traces, or activations.Caianiello
(1961) useda binary STM equation of the form
n ~m)

Xi(t + r) = 1[~ ~ A~1)Xj(t
-kr) -BiJ

(2)

i-i k-O

where I(w} = 1 if w > 0 and 0 if w ~ O. Rosenblatt
(1962) used an STM equation of the form
d

-d

t

n

Xi = lAx/+ ~ 4>(Bj
+ Xj)Cij
i-i

(3)

where <t>(w)= 1 if w ~ 8 and 0 if w < 8. Mueller,
Martin, and Putzrath (1962) designedcircuits which
used the McCulloch-Pitts logical operations and also
extended their analysisto analog circuits for applications to acoustic pattern recognition.
The binary, discrete-time approachto neural modeling wasencouragedby the technical liberation which
the use of oscilloscopesbrought to neurophysiology.
After years of heroic efforts to measurethe tiny electrical signalsin nerves,eachspikecould at lastbe easily

TABLE 1

McCulloch-Pitts (1943)
Caianiello (1961)
Rosenblatt (1962)

(I)

Hartline-Ratliff-Miller (1963)
Grossberg (1967. 1968)
Sperling-Sondhi (1968)
Wilson-Cowan (1972)
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amplified until it filled the whole oscilloscope screen.
The all-or-none property of the individual spike was
celebrated by making each spike much bigger than life.
Although the oscilloscope provided a way for people to
look at spikes, this representation did not necessarily
correspond to what the cells which received the spikes
were measuring. Cell body potentials may vary slowly
and continuously relative to the time scale of a single
spike. Thus neurons may process the frequencies or
other statistical properties of spike sequences through
time. If, for example, the spiking activity of a visual
cortical feature detector is amplified by a microphone
instead of by an oscilloscope, and if an object to which
the detector is sensitive is brought in and out of its
receptive field, one hears a continuous waxing and
waning of the sound of the cell's spike discharges
through time. If the potentials of the cells receiving
these spike sequencesfluctuate slowly enough to average
across clusters of spikes, then such cells will be better
modeled by continuous than binary dynamics.
Both Caianiello (1961) and Rosenblatt (1962) also
introduced equations to change the weights A~;) in (2)
and C;j in (3) through learning. Such adaptive weights
are often called long term memory (L TM) traces. Both
workers decoupled the interactions between STM traces
and LTM traces in order to partially analyze their nonlinear equations. These LTM equations also had a digital aspect. The equations of Caianiello ( 1961) increased
or decreased at constant rates until they hit finite upper
or lower bounds. Those of Rosenblatt (1962) were used
to classify patterns into two distinct classes, as in the
Perceptron Learning Theorem.
The historical importance of the binary McCullochPitts (1943) model cannot be overestimated. For example, in addition to its seminal influence on. neural
modelling per se, it also was very much in the thoughts
ofvon Neumann as he developed his ideas for the modern digital computer. In fact, a number ofbrain-inspired
developments have found spin-offs over the years into
other technologies.

B. Linear
Concepts from linear systemtheory have provided
a classicalsource of models for representingsome of
the continuous aspectsof neural dynamics. Solutions
of simultaneouslinear equations Y = AX using matrix
theory and conceptsabout cross-correlationhavebeen
amongthe useful tools.
Inspired by an interest in brain modeling, Widrow
(1962)developedhis classicalgradient descentAdeline
adaptive pattern recognitionmachinebefore usingthis
background to make his major contributions to the
theory of adaptiveantennas.Anderson(1968) initially
describedhis intuitions about neural pattern recognition using the spatial cross-correlationfunction
" "
cPI2(X,y)= L LJi(i,j)}2(i+x,j+y).

;-1 i-i

(4)

Kohonen (1971)madehis transition from linear algebra
conceptssuchas the Moore-Penrosepseudoinverseto
more biologically motivated studieswhich he hassummarized in his influential books (Kohonen, 1977,
1984). These workersthus beganto developtheir intuitions within a mathematically familiar engineering
framework which was progressivelydevelopedto include more biologically motivated nonlinear interactions.

C. Continuous-Nonlinear
Continuous-nonlinear network laws typically arose
from a direct analysisof behavioralor neural data.One
distinguishedmodeling tradition canbe traced directly
to the influence of Mach (Ratliff, 1965).This tradition
set out to model data taken from the lateral eye of the
Limulus, or horseshoecrab, and led to the award of a
Nobel prize to H. K. Hartline.
The basic model from this tradition is the steady
state Hartline-Ratliff model
n
rj = e; -L

k;j[rj

-r;j]+

(5)

i-i
where [w]+ = max(w, 0). This model describes how
cellularexcitationse;aretransformedinto netresponses
rj due to inhibitory feedbackinteractions governedby
threshold-linearsignals -kjj[rj -rjj]+. Thus, the Hartline-Ratliff model is a type of continuous thresholdlogic system..Ratliff, Hartline, and Miller (1963) extended this steady-statemodel to a dynamical model
of the form

which alsobehaveslinearly in the suprathresholdrange.
This model is a precursor of the additive model that is
describedbelow.
Another classicaltradition arose from the analysis
of how the excitable membrane of a single neuron can
generateelectrical spikescapable of rapidly and nondecrementallytraversingthe axon, or pathway,of the
cell. The original experimentaland modeling work on
the squid giant axon by Hodgkin and Huxley (1952)
also led to the award of a Nobel prize. Since this work
focusedon individual cells ratherthan networksof cells,
it will not be further discussedherein exceptto note
that it providesthe foundation for the shunting model
that is describedbelow. The Hodgkin-Huxley model
and someof its variations are reviewedelsewhere(Carpenter, 1981; Hodgkin, 1964; Hodgson, 1983; Katz,
1966; Plonsey & Fleming, 1969; Ricciardi & Scott,
1982;Scott, 1977).
Another source of continuous-nonlinear network
models arose through a study of adaptive behavior,
rather than of neural mechanismsper se, in Grossberg
(1964, 1967, 1968a,1968b). Its primary concern was

v.
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to understand how the behavior of individuals adapts
stably in real-time to complex and changingenvironmental contingencies.In order to analyzeadaptivebehavior, it is necessaryto characterize the functional
level on which a system'sbehavioralsuccessis defined
and achieved,as well as the computational units that
are manipulated by this level. This behavioralanalysis
led to the derivation of continuous neural networks
defined by nonlinearly coupled STM and LTM traces,
and to the mathematical proof that the computational
units of these networks are not individual STM and
LTM variables,but are rather distributed spatial patterns of STM and LTM variables(Grossberg, 1968b,
1969a,1969b,1970a).Thus, neural networksdescribe
a proper level for an analysis of adaptive behaviorbecause the functional units which govern behavioral
successare emergentpropertiesdue to interactions on
the network level.
As in the tradition of binary models,this continuousnonlinear approach defined laws for STM traces and
LTM traces (Figure 2). The two primary versions of
the STM equation which wereintroduced through this
approach have been used in many applications since
the 1960sand have receivedincreasing experimental
support.

AdditiveSTM Equation
d

n

n

d Xi = -Aixi + L Jj(Xj)BjiZlt>-L
t

j-l

-

gj(Xj)CjiZli> + Ii- (7)
j-l

ShuntingSTM Equation

Equation (7) includes a term for passive decay (- Aixi),
positive feedback (2::J=I.fj(Xj)BjiZ)7», negative feedback
(-2::7-1 gfixj)Cjiz)i),
and input (Ii). Each feedback
term includes a state-dependent nonlinear signal (.fj(Xj),
gfiXj», a connection, or path, strength (Bji, Cji), and
an LTM trace (z)7), z)i). If the positive and negative
feedback terms are lumped together and the connection
strengths are lumped with the LTM traces, then the
additive model may be written in the simpler form
d
"
di Xi = -Aixi + .L Jj(XJZji+ 1/.
(8)
i-I

Early applications of the additive model included
computational analysesin vision, associativepattern
learning,patternrecognition,classicaland instrumental
conditioning, and the learning of temporal order in ap-

.

x.J
I

plications to speechand language behavior and to
planned sensory-motor control (Grossberg, I 969a,
I 969b, I 969c, 1970a, I 970b, 1971a, 1972a, 1972b,
1974; Grossberg& Pepe, 1971). The additive model
has continued to be a cornerstoneof neural network
researchto the presentday; see, for example, Amari
and Arbib (1982) and Grossberg(1982). Somephysicists unfamiliar with the classicalstatus of the additive
model in neural network theory erroneouslycalled it
the Hopfield model after they becameacquainted with
Hopfield's first application of the additive model in
Hopfield (1984); see Section 9A. The classical McCulloch-Pitts (1943) model in Equation (1) has also
erroneously been called the Hopfield model by some
physicistswho becameacquaintedwith the McCullochPitts model in Hopfield (1982). These historical errors
can ultimately be traced to the schismbetweenphysics
and psychologythat was describedin Section3.
A related behaviorally derived STM equation was
found to more adequatelymodelthe shuntingdynamics
of individual neurons (Hodgkin, 1964; Kandel &
Schwartz,1981;Katz, 1966;Plonsey& Heming, 1969).
In such a shunting equation, each STM trace is restricted to a bounded interval [-D;, B;] and automatic
gain control, instantiated by multiplicative shunting
terms, interacts with balanced positive and negative
feedbacksignalsand inputs to maintain the sensitivity
of eachSTM trace within its interval (seeSection 15)~

e..
IJ

v.J

FIGLIRE 2. Short-term memory traces (or potentials) Xi at c:ell
populations
Vi emit signals along the directed pathways (or
axons) eii which are gated by long-term memory traces Zii before
they can perturb their target cells Vj'

d
-d Xi = -Aixi + (Bi -Xi)[ ~ Jj(Xj)Cjiz}7>+ Ii]

t

i-i
n

-! (X; + D;)[2:: gAXj)Ej;z}i) + J;].
,

j-1

(9)

SeveralL TM equations have been useful in applications. Two particularly useful variations havebeen:

PassiveDecayLTM Equation

and
GatedDecayLTM Equation
d

di Zjj = hj(xJ[-Fjjzjj

+ Gjj};(x;)].

(11)

In both equations,a nonlinear learningtermJj(xj)hj(Xj),
often called a Hebbian term after Hebb (1949),is balancedby a memory decayterm. In (10), memorydecays
passivelyat a constantrate -Fjj. In (11), memory decay
is gated on and off by one of the nonlinear signals. A
key proPerty of both equations is that the size of an
LTM trace Zjj can either increase or decreasedue to
learning. Neurophysiological support for an LTM
equation of the form (11) has recently been reported
(Levy, 1985; Levy, Brassel,& Moore, 1983; Levy &
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Desmond, 1985; Rauschecker& Singer,1979; Singer,
1983).Extensivecomputational analysesof theseSTM
and LTM equations in a number of specializedcircuits
led gradually to the identification of a generalclassof
networksfor which onecould prove invariant properties
of associative spatio-temporal pattern learning and
recognition (Grossberg,1969a,1971b, 1972c,1982).
Sperlingand Sondhi(1968)utilized a shunting STM
equation in an important contribution to visual psychophysics. Wilson and Cowan (1972) introduced a
modified shunting STM equation of the form
d
diXj

n
= -AjXj

+ (Bj -Xj)fi(.L

XjCji)

(12)

)8\

which replacesthe sum 2:j=l jj(xftCj;z~t) of nonlinear
signals in (9) with a nonlinear function of the sum.
Equation (12) possessesone automatic gain control
term (B; -x;), whereas(9) possesses
two. Consequently,
the dynamics of (12) saturatein manysituationswhere
the dynamics of (9) remain sensitiveto input fluctuations (seeSection 15).
7. NONLINEAR FEEDBACK BETWEEN
FAST DISTRIBUTED STM PROCESSING
AND SLOW ASSOCIATIVE
LTM PROCESSING
Thesedynamical equationsincorporate two general
types of nonlinear processeswhich explicate some of
the themes that were already touched upon in Helmholtz's work. On the one hand, there are the cooperative-competitive nonlinear feedbackprocesseswhich
operate on a relatively fast time scale.Theseprocesses
instantiate the distributed information processingand
STM storagecapabilities of the network. They can, for
example, carry out matching.of bottom-up data with
top-down expectations(Figure I) to generatethe perceptual consensusdiscussedby Helmholtz.
Interacting with these fast STM interactions via
nonlinear feedbackare the more slowly varying LTM
processeswhich instantiate associativelearning. Such
a learning processcan, for example, adaptively tune
the bottom-up filters and encodethe learned top-down
expectations (Figure I) that were adumbrated in
Helmholtz's concept of unconsciousinference.

8. PRINCIPLES, MECHANISMS,
AND ARCHITECfURES
Such STM and LTM equations were discovered
through the analysis of two mutually supportive, but
complementary,types of results.
On the one hand, a small number of generaldesign
principles and their mechanistic instantiations were
discovered through a comparative analysis of several
interdisciplinary data bases. For example, the functional importance of the shunting STM equation (9)

becameclearthrough analysesof dataaboutperception,
conditioning, and cognitive information processing.
Suchanalysesled to the realization that a single type
of network was neededthat was capable of ratio processing,conservationor normalization of total activation (limited capacity), Weber law modulation, adaptation level processing,noise suppression,contrastenhancement, short term memory storage, energetic
amplification of matched input patterns,and energetic
suppressionof mismatched input patterns. The discovery that thesemultiple constraints are all satisfied
by a ubiquitous type of on-centeroff-surround network
of cells which obey the membrane equations of neurophysiologycreated an irresistable intellectual pressure to study them exhaustively (see Sections 9F
and 13-15).
In addition to such generallaws,a growing number
of specializedarchitectures have also beendeveloped.
Eacharchitectureis a synthesisof severaltypesof design
principlesand mechanismsin a carefullycraftedcircuit.
The organization of the brain into functionally distinctive regions-such as cerebellum, hippocampus,
retina, visualcortex, parietal cortex, frontal cortex, hypothalamus, septum, amygdala, and reticular formation-illustrates why a considerable number of specialized architecturesneed to be developed.
.Due to the highly interactive nature of brain dynamics, the development of general organizational
principles, mechanisms,and specializedarchitectures
haveproceededhand-in-hand, each bootstrappingthe
scientific understandingof the others.Here is a research
area where it is essentialto keepthe forest, the trees,
and the individual branchessimultaneouslyin view. In
the remainder of the article, I will summarize several
of the principles, mechanisms,and architectureswhose
further developmentis still engagingthe efforts of many
scientists.

9. CONTENT-ADDRESSABLE MEMORY
STORAGE: A GENERAL STM MODEL
AND LIAPUNOV METHOD
From a mathematical perspective,the question of
content-addressablememory (CAM) in a neural network can be formulated as follows: Under what conditions does a neural network always approach an
equilibrium point in responseto an arbitrary, but sustained, input pattern?The equilibrium point represents
the stored pattern in responseto the input pattern. In
a satisfactoryanalysisof this problem, the behavior of
the network in responseto arbitrary initial data, an
arbitrary sustained input pattern, and an arbitrary
choice of network parametersis provided. Also an account of how many equilibrium points exist and of
how they are approached through time is desirable.
Sucha mathematicalanalysisis calleda globalanalysis,
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to distinguish it from a local stability analysisaround
individual equilibrium points.
Amari and Arbib (1982)and Levine (1983)include
a numberof contributions to the localanalysisof neural
networks. Our concern herein is with global methods.
A global analysis of equilibrium behavioris of importance for an understanding both of CAM and of the
types of nonequilibrium behavior-such as traveling
waves,bursts, standingwaves,and chaos-which can
be obtained by perturbing off systemswhich always
approachequilibrium (Carpenter, 1977a,1977b, 1979,
1981; Cohen & Grossberg, 1983; Ellias & Grossberg,
1975; Ermentrout & Cowan, 1979, 1980; Hastings,
1976,1982;Hodgson,1983;Kaczmarek& Babloyantz,
1977).A global mathematicalanalysisof nonlinear associative learning networks was begun in Grossberg
(1967, 1968b).A global mathematicalanalysisof nonlinear shunting cooperative-competitivefeedbacknetworkswasbegunin Grossberg(1973).Someof the main
articles in theseseriesare brought togetherin Grossberg
( 1982).
One approachto the global approachto equilibrium
which has attracted widespread interest is the use of
global Liapunov, or energy, methods. Such global
methodswereintroduced for the analysisof neural networks in the I 970s. Herein I summarize a general
model of a nonlinear cooperative-competitiveneural
network for which a global Liapunov function has been
explicitly constructed. I then show that a number of
popular modelsare specialcasesof the generalmodel,
and thus are capableofCAM.
Cohen and Grossberg(1983) described a general
principle for designingCAM networks by proving that
models that can be written in the form
d
= Qj(Xj)[bj(Xj)

-.L

Cjjdj(Xj)]'

dxi

1

CiT

n

= 1 RXi + 2::fJ(Xj)Zji+ Ii.

t,

xi

i-I

1 n
bj(~i)dj(~;)d~j + 2 L cjkdj(xj)dk(Xk)
j.k~1

(14)

if the coefficient matrix C,: II CjjII and the functions
ai, bi, and dj obey mild technical conditions, including
Symmetry:

Positivity:
Monotonicity:

Substitution into (13) showsthat
o;(xJ = t (constant!)
b;(xJ = -k

x; + Ii (linear!)

dt

(20)
(21)

Cij = -T/j

(22)

dj(Xfl = Jj(Xfl.

(23)

and
Thus in the additive case,the amplification function
(20) is a positive constant, hence satisfying (16), and
the self-signalterm (21) is linear. Substitution of (20)(23) into (14) leads directly to the equation
n

1

V = L -:

i-I R,

I

xi

n

~;/;(~i)dti

-L

/ifi(Xi)

i-I
n

L ~k}j(xflfi(Xk).
J.k-1

(24)

This Liapu~ov function for the additive model was
later published by Hopfield (1984). In Hopfield's treatment, ~i is written as an inverse Ii I (Vi), Cohen and
Grossberg(1983)showed,however,that althoughfi(x;)
must be nondecreasing,as in (17), it need not have an
inversein order for (24) to be valid.

Cjj = Cji,

(15)

B. Brain-State-in-a-BoxModel: S ~ Exchange

a/(x/) ~ 0,

(16)

dj(Xj) ~ O.

(17)

The BSB model was introduced in Anderson, Silverstein,Ritz, and Jones(1977). It is often described
in discretetime by the equation
"

Integrating V along trajectories implies that
d
-V

(19)

j-t

I

-!

admit the global Liapunov function
V = -L

Cohenand Grossberg(1983,p. 819)noted that "the
simpleradditive neural networks. ..are alsoincluded
in our analysis." The additive equation (8) canbe written using the coefficientsof the standard electrical circuit interpretation (Plonsey& Heming, 1969)as

(13)

j-1

I

A. Additive STM Equation

n

diXj

n

every trajectory approachesone of a possibly large
number of equilibrium points.
For expositoryvividness,the functions in the CohenGrossberg model (13) are called the amplification
function ai, the selfsignal function hi, and the othersignal functions dj. Specializedmodels are characterized by particular choicesof thesefunctions.

n
= -L

aidi[bi -L

i-I

Xj(t + 1) = S(X;(t) + a L AijXj(t»

n
cijdjf.

j-1

If(16) and (17) hold, then (d/dt)V ~ 0 alongtrajectories.
Once this basic property of a Liapunov function is in
place, it is a technical matter to rigorously prove that

(25)

i-i

(18)

using symmetric coefficients
Ajj = Aft

(26)

and a special type of nonlinear signal function S(w)
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that characterizesthe model. The signal function is a
symmetric ramp function:
S(w) =

F

ifw;?:.F

w

if-F<w<F.

-F

ifw.s-F

(27)

Thus each STM trace Xi obeysa linear equation until
its argumentreachesthe hard saturation limit F.
The BSB model has beenusedto discusscategorical
perceptionin terms of its formal contrastenhancement
property that eachXi tendsto approacha limiting value
:tF, and thus that the vector (Xl, X2,..., xn)tendsto
approach a corner of the box (:tF, :tF, ..., :tF) as
time goes on. An alternative explanation of contrast
enhancement by a nonlinear feedback network was
provided in Grossberg(1973) using a sigmoid signal
function, rather than a function linear near zero,coupled to the soft saturationdynamics of a shunting network, rather than the hard saturation of a symmetric
ramp (seeSection IS). This is still a topic undergoing
theoretical discussion(Anderson, Silverstein, Ritz, &
Jones, 1977;Grossberg, 1978b,1987d).
The BSB model can be rewritten as an additive
model with no input and a specialsignal function that
satisfies(17). Hence it is a specialcaseof model (13).
To seethis, rewrite (25) in the form

of models which have beentreated as distinct are, in
reality, mathematicallyidentical. In contrast, this type
of transformation cannot be carried out on shunting
models suchas (9) and (12).
The Liapunov function for (33) is found by directly
substituting into model (13) expressedin terms of the
variablesYi:
(34)
Since a;(y;) = 1, b;(y;) = -y;, C;j = -B;j, and dj(Yfl
= S(Yj), substitution into (14) yields
n

V= L

f

YI

a

V = -"2

where

Ojj =

(29)

if i = j and 0 if i + j. By (26), it follows

This classicalmodel takesthe form
n

x;(t + I) = sgn(2:: Aijxj(t) -B;).
i-i

(I)

M(w) = sgn(w -Bi),

(37)

( I ) can be rewritten as
n

x;(t + I) = M( L Aijxj(t».
Bjj = Bjjo

(30)

Although (28) is written in discrete time for computational convenience,it needsto be expressedin continuous time in order to representa physicalmodel, as

in

As in the analysisof (31), (38) can be rewritten in continuous time in terms of the variables y; via S }; Ex-

change:

d

/I

i-i

(31)

n

Yi = L Bijxj

(32)

i-I

d

"

di Yi = -Yi + L BijS(Yj).
j-1

(39)

and is thus also a symmetric additive model with zero
inputs. In addition, its signalfunction M(Yj) hasa zero
derivative (M'(Yj) = 0) except at Yj = o. Substitution
of this additional property into (35) showsthat the Liapunov function for the continuous time McCullochPitts model is

(33)

Comparisonof(33) with (19)showsthat the BSB model
is an additive model suchthat eachIi = O.Becausethis
simple changeof coordinatesis so important in neural
modeling, I give it a name: S 2;Exchange.
The observationthat, via S 2;Exchange,a nonlinear
signal of a sum, as in (31), can be rewritten as a sum
of nonlinear signals,as in (33), shows that a number

(38)

j~1

diY; = -Y; + L AijM(y)

Define the new variables Yi by

(36)

C. The McCulloch-PittsModel

that

Then

n

L AjkXjXk.
j,k-t

Golden (1986) has derived (36) from a direct analysis
of the BSB model.

Letting

B.IJ = fJ.IJ + ~~ A IJ

(35)

k-1

Using the definitions in (27), (29), and (32), Equation
(35) can be rewritten in terms of the original variables
X; as follows:

(28)

usingthe coefficient

L BjkS(Yj)S(Yk).

i-I

n

Xi(t + 1) = S( ~ Bijxj(t»
j-1

n

EiS'(Ei)dEi
-!

n

V = -!

L AjkM(YvM(Yk),

(40)

j,k-l

which is the continuous time version of the discrete
time Liapunov function describedby Hopfield (1982).
D. The BoltzmannMachine
The STM equation of the Boltzmann machine
(Ackley,Hinton, & Sejnowski, 1985)hasthe sameform
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as (31) and (38), and is thus also an additive equation
with symmetric coefficients.Its signal function is the
sigmoid logistic function
I

and that
gj(Xj) ~ O.

In order to write (44) in Cohen-Grossbergform, it is
convenientto introduce the variables

(41)

f(w)=~,

(46)

Yi = Xi + Ci.

(47)

which satisfies(17) and is thus a specialcaseof model
(13). Thus the Boltzmann machine is a specializedadditive model regulated by simulated annealing as developed by Geman (1983, 1984),Geman and Geman
(1984), and Kirkpatrick, Gelatt, and Yecchi (1982,
1983).

In applications, C; is typically nonnegative. Since X;
canvary within the interval [-C;, B;], Y;can vary within
the interval [0, B; + C;] of nonnegativenumbers. In
terms of thesevariables,(44) canbe written in the form

E. The Hartline-Ratliff-MillerModel

where

The S}; Exchangeis not the only changeof variables
wherebyCAM models can be transformed into an additive model format. For example, the STM equation
(6) of the classical Hartline-Ratliff-Miller model is
transformed into an additive model under an exponential changeof variables

bj(y;)

a;(yu = Y; (nonconstant!),
J

= -[A;C;
x;

-(A;

+ l;)x; + (B; + C; -x;)

x (II + jj(x; -C;»]

Then (6) becomes

-dIn

dt XI = --XI

[I

-:L

T

)-1

-Xj
T

]

(42)

+

-'Ij

klj + el'

(43)

F. Shunting Cooperative-CompetitiveFeedback
Network
All additive models lead to constant amplification
functions ai(xJ and linear self-feedback
functions bi(xJ.
The need for the more general model (13) becomes
apparent when the shunting STM equation (9) is analyzed.Consider,for example,a classof shuntingmodels in which each node can receive excitatory and inhibitory inputs Ii and Ji, respectively,and each node
can excite itself and can inhibit other nodes via nonlinear feedback. Such networks model on-center offsurround interactions among cells which obey membrane equations (Grossberg, 1973; Hodgkin, 1964;
Kandel & Schwartz, 1981; Katz, 1966; Plonsey &
Fleming, 1969). In particular, let
d

di X; = -A;x; + (B; -x;)[!;

+ .fi(x;)]
n

-(Xi + Ci)[Ji + L Dijgj(xj)].

(44)

j-1

In (44), eachXi can fluctuate within the finite interval
[-C/, B;] in responseto the constantinputs 1; and Ji,
the state-dependentpositive feedbacksignalfi(xu, and
the negative feedbacksignals D;jgAXj). It is assumed
that
Dij = Djj ~ 0

(45)

(nonlinearl),

C;j = Vij,

(49)
(50)

and
dj(Yj) = gj(Yj -q)

x;(t) = i' e-(I-sJ/T
rj(s)ds.

(48)

(noninvertible!).

(51)

Unlike the additive model, the amplification function
aim) in (48) is not a constant. In addition, the selfsignal function b;(y;) in (49) is not necessarily linear,
notably because the feedback signal jj(x; -C;} is often
nonlinear in applications of the shunting model; in
particular it is often a sigmoid or multiple sigmoid signal function (Ellias & Grossberg, 1975; Grossberg,
1973, 1977, 1978c; Grossberg & Levine, 1975; Sperling,
1981). Sigmoid signal functions, and approximations
thereto, also appear in applications of the additive
model and its variants (Ackney, Hinton, & Sejnowski,
1985; Amari & Arbib, 1982; Freeman, 1975, 1979;
Grossberg, 1969a, 1982; Grossberg & Kuperstein, 1986;
Hinton & Anderson, 1981; Hopfield, 1984; Rumelhart
& McClelland, 1986). Such applications do not require
the full generality of the Liapunov function (13) because
the nonlinear signal function can then be absorbed into
the terms dj(xj).
Property (16) follows from the fact that ai(Y;} = Yi
~ O. Property (17) follows from the assumption that
the negative feedback signal function gj is monotone
non-decreasing. Cohen and Grossberg (1983) proved
that gj need not be invertible. A signal threshold may
exist below which gj = 0 and above which gj may grow
in a nonlinear way. The inclusion of nonlinear signals
with thresholds better enables the model to deal with
fluctuations due to subthreshold noise. On the other
hand, thresholds are not the only mechanisms which
can suppress noise in a cooperative-competitive feedback network (see Section 15D).

G. MaskingField Model
In many applications of the shunting and additive
models,the coefficients Cijin (13) may be asymmetric,
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therebyrendering the Liapunov function ( 14)inapplicable.Asymmetric coefficientstypically occur in problems relating to the learning and recognition of temporal order in behavior. Consequently,a number of
mathematicalmethodsweredevelopedfrom the earliest
days of the continuous-nonlinear approachto analyse
models with asymmetric interaction coefficients.
On the otherhand, certain networkmodelsmayhave
asymmetric interaction coefficients,yet be reduceable
to the form (13) with symmetric interactioncoefficients
through a suitable change of variables. The masking
field model is a shunting network of this type. The
masking field model was introduced in Grossberg
(1978a; reprinted in Grossberg, 1982)to explain data
about speech learning, word recognition, and the
learning of adaptive sensory-motorplans. It has been
further developed through computer simulations in
Cohen and Grossberg(1986, 1987). A masking field
is a multiple-scale,self-similar,automatically gaincontrolled, cooperative-competitive nonlinear feedback
network (Figure 3) which can generatea compressed
but distributed STM representationof an input pattern
as a whole, of its most salient parts, and of predictive
codeswhich representlargerinput patterns of which it
forms a part. The masking field model is thus a specialized type of vector quantization scheme (Gray,
1984). Its multiple-scale self-similar properties imply
its asymmetric interaction coefficients.
The STM equation of a typical maskingfield is defined by

-ddt x~J) =

-AX~J) + (B -xY1[}::

Ejp}() + DIJlf(x~J»]

.jEJ

-(I)

(Xi +

C

) ~m.Kg(x<:1IKI(1 +IK n JI)
~m.KIKI(1+IKnJI)
.

(52)

In (52), x~J)is the STM trace of the ith masking field
node that receivesexcitatory input LjEJ Ejpyf) from
the unordered setJ of input items. Notation IJI counts
the number of items in setJ and thereby keepstrack
of the number of spatialscalesthat go into eachversion
of the model.
The inhibitory interaction coefficient
IKI(1 +IKn JI)

2:m,KIKI(1 +IK n JI)

I

(53)

in (52) is an asymmetric function of J and K. Despite
this fact, (52) canbe written in Cohen-Grossbergform

as
(54)

FIELD
(8)

..:.r--=

~ +---A.

E

~=:... .;;;;-a.2
t
F1
(b)
FIGURE 3. Masking field interi~ctions: (a) I:ells from an item
field F, grow randomly to a masking field F2 along positionally
sensitive gradients. The nodes in the masking field grow so
that larger item groupings, up to, some optimal size, can activate
nodes with broader and stron~,er inhibitory interactions. Thus
the F, -.F2 connections and fhe F2 +-+F2 interactions
exhibit
properties of self-similarity;
(b) The interactions within a masking field F2 include positive feedback from a node to itself and
negative feedback from a nocje to its neighbors.
Long term
memory (L TM) traces at the ends of F, -.F2 pathways (designated by hemidisks) adaptively tune the filter defined by these
pathways to amplify the F2 reaction to item groupings
which
have previously succeeded in activating their target F2 nodes.
(Reprinted with permission from Cohen & Grossberg, 1987, p.
1868.)

where

FIJI = L IKI(1 +IKn JI).

(57)

m,K

This is seenas follows. Since FIJI is the denominator
of (53), it can be usedto divide term x~J)+ C in (52).
Then the asymmetric term IKI in the numerator of (53)
can be absorbedinto the definition of gin (54). Then
by redefining and rearranging terms as in (47)-(51),
equation (54) holds with
a\J)(y~J»

with symmetric coefficients
CJK= CKJ= 1 +IK n JI

TEM

= Fjjly~J)

(58)

(55)

in termsof the variables
y\J) = Fvl(x~J) + C)

+ DIJIFIJlf(FIJiY~J)

(56)

-C»]

(59)
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~
""

-IJI

of population biology (Lotka, 1956),the

E:iPji(J) ,

(60)

jEJ

Gilpin-AyalaModel

and
d(K>(yC:»

= IKlg(FIKIYC:>

-C).

d
-x.
dt'"

(61)

= A.x. [ 1 ---""
( XI
B

Thus the masking field model is a specializedCohen-

Grossberg
model.

then the top-down interaction F2 -FI
obey an additive equation

is defined to

-d Xj = -Bjx/ + ~ g/(y/)z//+ Ji,
d

(63)

/

where Ij and Ji are input terms. This definition creates
a symmetric interaction matrix by closingthe top-down
feedbackloop, since if fi(Xi) influences Yjwith coefficient Zijin (62), then gj(Yj) influencesXi with the same
coefficient zij. Thus, by defining an augmentedvector
(XI, X2, ..., Xn, YI, Y2, ..., Ym)of STM activities,
system(62)-(63) as a whole define an additive model
(19) with an (n + m) X (n + m) symmetric coefficient

matrix.
The same procedure can be used to symmetrize
many other neural network models.Kosko and Guest
(in press)have described optical implementations for
this procedure, and Kosko (1987) has used the symmetrized additive model to discuss minimization of
fuzzy entropy.
I. Volterra-Lotka, Gilpin-Ayala, and Eigen-Schuster
Models
The Cohen-Grossbergmodel was designedto also
include models which arose in other areas of biology
than neural network theory. For example, it includes
the classical

Volterra-Lotka
Model
d

I

J-I

)]

J

(65)

Eigen-Schuster
Model

Other procedureshavealso beendevisedfor dealing
with systemshaving asymmetric coefficients. For example, given an arbitrary n X m coefficient matrix Z
= Ilzijll from a network level FI to a network level F2
with STM traces Xi and Yj, respectively.Kosko and
Guest (in press)and Kosko (1987) have shown that
( 13)and (14) can be usedto construct feedbackpathways from F2to FI so that the two-level feedbacknetwork FI -F2 has convergenttrajectories.
For example,if the bottom-up interaction F1 -F2
obeys an additive equation

di Xj = AjXj(l

C:. ( -1
x.
,,",IJB.'

also from population biology (Gilpin & Ayala, 1973),
and the

H. Bidirectional Associative Memories:
Symmetrizing an Asymmetric Interaction Matrix

l

)""

n

-2:: BijXj)
)-1

(64)

d
-xdt

I

= XI ( A-X~l
I I

n

q '"
A-xl?
L.,
j j )

(66)

j-1

from the theory of macromolecular evolution (Eigen
& Schuster, 1978). In all of these models, either the
amplification function a;(x;)is non-constant,or the selfsignal function b;(x;) is nonlinear, or both.
The specializedmodelssummarizedin Sections9A91 illustrate that model (13) and Liapunov function
( 14) embody a generalprinciple for designing CAM
devicesfrom cooperative-competitivefeedbackmodels.
Thesemodels are said to be absolutelystablebecause
the CAM property is not destroyed by changing the
parameters,inputs, or initial values of the model. The
persistenceof the CAM property under arbitrary parameterchanges-enables
learning to changesystemparameters in responseto unpredictable input environments without destroying CAM. The STM transformation executedby a network with adaptivelyaltered
parameters can differ significantly from its original
STM transformation. A finer analysis is needed to
choosemodels, as in Sections9A-91, which are optimally designedto carry out specializedprocessingtasks.
The Cohen-Grossberganalysisemphasizesthe critical role of mathematical analysis in classifyingand
understandingvery large systemsof nonlinear neural
networks (VLSN). Without such an integrative approach, it is difficult to tell whether or not a model is
really new computationally, or whether it is a special
caseof a known model in slightly different coordinates
or notation. For example, many scientistshave not realized that models (31) and (33) are mathematically
equivalent.Table 2 describesthe relationshipsbetween
models disclosed by such an analysis.Thus the BSB
modelenjoysa CAM property for the samereasonthat
TABLE 2
C:AM Models in Decreasing

ADDITIVE (1967)
CG (1983)
SHUNTING (1973)

Generality

MP (1943)
BSB (1977)
BM (1985)
BAM (1987)
MF (1978. 1986)

Organization in terms of decreasing generality of the models
described in Section 9. Abbreviations: CG = Cohen-Grossberg;
MP = McCu!loch-Pitts; BSB = Brain-State-in-a-Box; BM = Boltzmann Machine; BAM = Bidirectional Associative Memory; MF
= Masking F'ield.
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any additive or CG model does.On the other hand, the
BSB model may have specialpropertiesthat may make
it ideal for certain tasks, or it may be too specialized
to accomplishcertain tasks which are better dealt with
using a shunting model.

10. OTHER LIAPUNOV METHODS
A considerableamount of work wasdone on finding
Liapunov functions for specialcasesof(13) beforethe
appearanceof Cohen and Grossberg(1983). A global
Liapunov method wasalsodevelopedwhich is in some
respectsmore generalthan that of Cohenand Grossberg
(1983).
In the former category,MacArthur (1970)described
a quadratic Liapunov function for proving local
asymptotic stability of isolated equilibrium points of
Volterra-Lotka systems with symmetric coefficients.
Goh and Agnew (1977) describeda global Liapunov
function for Volterra-Lotka and Gilpin-Ayala systems
in caseswhere only one equilibrium point exists.Liapunov functions werealsodescribedfor Volterra-Lotka
systemswhose off-diagonalterms are relatively small
(Kilmer, 1972;Takeuchi, Adachi,& Tokumaru, 1978).
Suchconstraints are, however,too limiting for the design ofCAM systemsaimed at transformingand storing
a large variety of patterns.
11. TESTING THE GLOBAL CONSISTENCY
OF DECISIONS IN COMPETITIVE
SYSTEMS

An alternative approachbeganwith the globalanalysis in Grossberg(1973) of the nonlinear dynamics of
shunting cooperative-competitivefeedbacknetworks.
The goal of this analysiswasto designCAM networks
capableof transformingand stablystoringin STM large
numbersof patterns(seeSectionIS). The first analyses
carried out direct proofs of the STM transformation
and storagepropertiesfor smallclassesof shuntingnetworks which arose in specializedapplications. Later
articles(Ellias & Grossberg,1975;Grossberg& Levine,
1975; Levine, 1979; Levine & Grossberg, 1976)classified the global CAM behavior of increasingly large
sets of networks.
Theseresults led to the progressivedevelopmentin
Grossberg(1977, 1978c,1978d,1980a)of a globalLiapunov method for classifyingthe dynamical behaviors
of a wider variety of competitive dynamical systems.
A competitive dynamical systemis, for presentpurposes,defined by a systemof differentialequationssuch
that
d
dix;=./i(Xt,X2,.

, Xn)

(67)

where
(68)

and the.li are chosento generatebounded trajectories.
By (68), increasingthe activity Xj of a given population
can only decreasethe growth rates dldt Xi of other populations, i "" j, or may not influence them at all. No
constraint is placed upon the sign of a.lilaxi. Typically,
cooperativebehavior occurs within a population and
competitive behavior occurs betweenpopulations, as
in the on-centeroff-surround networks(44). Sincethis
Liapunovmethodled to resultswhich are still of current
interest and which seemamenable to further development, some of its most salient points will be sum-

marizedhere.
The method makesmathematicallyprecisethe simple intuitive idea that a competitive systemcan be understoodby keeping track of who is winning the competition. To do this, write (67) in the form
d

diX; = a;(x;)M;(x)

X=(Xl,X2,...,X,,),

(69)

which factors out the amplification function a;(x;)
~ O. Then defJne
M+(x) = max{ M;(x):

and

i = 1, 2, ...,

M-(x) = min{M;(x): i = 1,2,...,

n}

(70)

n}.

(71)

Thesevariables track the largestand smallestrates of
change,and are usedto keep track of who is winning.
Using thesefunctions, it is easyto seethat there exists
a propertyof ignition: Once a trajectory entersthe positive ignition region
R+ = {x: M+(x)~ O}

(72)

or the negativeignition region
R- = {x: M-(x) .s OJ,

(73)

it can neverleaveit. If .x"(t)never entersthe set
R* = R+ n R-,

(74)

then eachvariable Xi(t) convergesmonotonically to a
limit. The interestingbehavior in a competitive system
occursin R*. In particular, if.x"(t)neverentersR+,each
Xi(t) decreasesto a limit; then the competition never
getsstarted.The set
S+ = {x: M+(x) = O}

(75)

acts like a competition threshold, which is called the
positive ignition hypersurface.
Wethereforeconsidera trajectory after it hasentered
R*. For simplicity, redefinethe time scaleso that the
trajectory is in R* at time t = O.The Liapunov functional for any competitive systemis then defined as
L(xJ = il M+(~v»dv.

(76)

The Liapunov property is a direct consequenceof positive ignition:
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This functional provides the "energy" that forcestrajectories through a series of competitive decisions,
which are also called jumps. Jumps keep track of the
state which is undergoingthe maximal rate of change
at any time ("who's winning"). If M+(x(r» = Mi(x(t»
for times S ~ t < T but M+(x(t» = Mj(x(t» for times
T ~ t < U, then we say that the systemjumps from
node Vito node vi at time t = T. A jump from Vito Vi
can only occur on the jump set
J;j = {x E R*: M+(x) = M;(x) = Mj(x)}.

(78)

The Liapunov functional L(xJ moves the system
through thesedecisionhypersurfacesthroughtime. The
geometryof S+, S-, and the jump setsJij, togetherwith
the energy defined by L(xJ, can be used to globally
analyzethe dynamics of the system. In particular, due
to the positive ignition property (77), the limit
Jim L(x,) =
1-00

LooM+(x(v»dv

(79)

0

alwaysexists,and is possiblyinfinite.
The following resultsillustrate the use of theseconcepts (Grossberg,1978d):
Theorem I: Given any initial data .x(O),supposethat
1'" M+(x(v»dv < 00.

(80)

Then the limit x(oo) = lim,-+oox(t) exists.
Corollary I: If in responseto initial data x(0), all
jumps ceaseafter sometime T < 00, then x(oo) exists.
Speakingintuitively, this result meansthat after all
local decisions,or jumps, have beenmade in response
to an initial state x(O),then the systemcan settle down
to a globaldecision,or CAM x( 00). In particular, if x(0)
leadsto only finitely manyjumps becausethere exists
a jump tree, or partial ordering of decisions,then x( 00)
exists. This fact led to the analysis of circumstances
under which no jump cycle, or repetitive series of
jumps, occurs in responseto x(0), and hencethat jump
trees exist.
Further information follows readily from (80). Since
M+(.x(t» ~ 0 for all t ~ 0, it also follows that lim,-oo
M+(.x(t» = O.This tells us to look for the equilibrium
points .x(00) on the positive ignition hypersurfaceS+
in (75):
Corollaryl: If f'if M+(.x(t»dt < 00,then.x(oo)ES+.
Thus the positive ignition surfaceis the placewhere
the competition both ignites and is stored if no jump
cycle exists. Using this result, an analysiswas made of
conditions underwhich no jump cycleexistsin response
to any initial vector .x(O),and henceall trajectoriesapproach an equilibrium or CAM state.
The same method was also used to prove that a
competitive systemcan generatesustainedoscillations

if it contains globally inconsistentdecisions.Theseresults are important for understandingthe role of symmetric coefficientsin the designofCAM systems.They
identified circumstancesunder which, in responseto
initial data .x(O),
La) M+(x(v»dv = 00,

(81)

thus that infinitely many jumps occur, hence a jump
cycle occurs, and finally that the trajectory undergoes
undamped oscillations.
This method was used to provide a global analysis
of the oscillations taking place in the May-Leonard
(1975) model of the voting paradox. In this specialized
Volterra-Lotka model,

d Xl = Xt(1 -XI -aX2 -fJX3)
di
d X2= x2(1 -fJXI -X2 -ax3)
di

d

di X3 = x3(1 -ax,

.

-fJX2 -X3)

(82)

and the parameters are chosen to satisfy fJ > 1 > (Xand
(X+ fJ> 2. System (82) represents the following intuitive
situation. Three "candidates" are run against each other
in pairwise e1ec~ions.If VI wins over V2, V2wins over
V3,and V3 wins over VI, what happens when all three
candidates run against each other? If the winning relationship were transitive, then VI could win over himself! Thus the voting paradox illustrates how a globally
inconsistent decision scheme can arise.
In (82) the relationship "Vi wins over Vj" is represented by "Vi inhibits Vjmore than Vjinhibits Vi." In
particular, VI> V2> V3 > VI. May and Leonard (1975)
did computer simulations which showed that the trajectories of(82) oscillate. Grossberg (1978d) proved that
the trajectories oscillate because system (82) generates
a globally inconsistent decision scheme, characterized
by a jump cycle VI -V2 -V3 -VI with L(xoo) = 00,
for almost all trajectories.
The interaction matrix
1

a

fJ\

fJ

1

a

fJ

1

,a

(83)

of system(82) can be chosenarbitrarily closeto a symmetric matrix by letting a and fJ approach I without
violating the constraint fJ> I > a and a + fJ> 2. Thus
there exist competitive systemswhosematrices are arbitrarily close to symmetric matrices almost all of
whose trajectories oscillate, albeit slowly. There also
exist competitive systemswithout jump cycleswhose
coefficientsare not symmetric, yet approach equilibrium points, becausethey satisfyTheorem I. Although
symmetry may be sufficient to generateCAM, as in
model (13), the conceptsof jump cycle and jump tree
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illustrate that one needsto analyze more global geometrical concepts to understand the relationship between a system's symmetry and its emergentCAM
properties.
The Liapunov functional method led to the Cohen
and Grossberg(1983)analysisin the followingway.The
Liapunov functional method wasusedto prove a theorem aboutthe globalCAM behaviorof the competitive
adaptation levelsystems
d

di Xj = aj(x)[bj(Xj) -c(x)]

(84)

which wereidentified through an analysisof many specialized networks. In system(84), eachstate-dependent
amplification function ai(X) and self-signal function
bi(xJ can be chosenwith great generality without destroying the system's ability to reach equilibrium because there exists a state-dependentadaptation level
c(x) against which each bi(Xi) is compared. Such an
adaptation level c(x) definesa strongtype of long-range
symmetry within the system.
The exampleswhich motivated the analysis of (84)
were additive networks

valley acts, in some respects,like a classicalpotential.
Correspondingly,it was proved that after all the Xi get
trapped in such valleys,the function
B[.x(t)] = max{bi(.x(t»: i = 1,2, ..., n}

is a Liapunov function. This Liapunov property was
usedto complete the proof of the theorem.
The adaptation level model (84) is in some ways
more generaland in somewayslessgeneralthan model
(13). Cohenand I beganour study of(13) with the hope
that we could usethe symmetric coefficientsin (13) to
prove that no jump cyclesexist, and thus that all trajectories approachequilibrium asa consequenceof the
generalTheorem1. Sucha proof is greatlyto be desired
becauseit would be part of a more generaltheory and,
by using geometrical concepts such as jump set and
ignition surface,it would clarify how to perturb off the
symmetric casewithout generatingoscillations suchas
the voting paradox(82). As it is,the Liapunov function
( 14)does not necessarilyrequire that the system(13)
be competitive because,by (18), (d/dt) Vi:s; 0 whether
or not the coefficients Cijare all nonnegative.
Hirsch (1982, 1985) has proved powerful global
theorems about the classof cooperativesystems

(85)

d

di Xi = .fi(Xi.

and shunting networks
-dd
t

Xj = -Ajxj + (Bj -x;)[Ij

(87)

X2.

Xn)

(88)

where
¥ ~ 0, i 10j.

+ L f~Xk)Ckj]

uX J

k

-(Xj + D;)[Jj + L g~xk)Ekj]

(86)

k

in which the symmetric coefficients Bki, Cki, and Eki
took on different values when k = i and when k + i.
Examples in which the symmetric coefficientsvaried
with Ik -il
in a graded fashion were also studied
through computer simulations (Ellias & Grossberg,
1975; Levine & Grossberg, 1976), but an adequate
global mathematicalconvergenceproof was not available before Cohen and Grossberg(1983).
In the proof of the global convergencetheorem
(Grossberg,1978c, 1980a)for systemsof the form (84),
it was shown that each Xi(t) getstrapped within a sequence of decision boundaries that get laid down
through time at the abscissavaluesof the highestpeaks
in the graphs of the functions hi. The sizeand location
of thesepeaks reflectthe statisticalrules, which canbe
chosenextremelycomplex, that give rise to the output
signalsfrom the totality of cooperatingsubpopulations
within each node Vi. In particular, a hi with multiple
peaks can be generatedwhen a population's positive
feedbacksignal function is a multiple-sigmoid function
which adds up output signalsfrom multiple randomly
defined subpopulationswithin Vi.
After all the decisionboundariesgetlaid down, each
Xi is trapped within a single valley of its hi graph. This

(89)

One of the outstanding mathematical problems in
neural network theory is to find more generalmethods
than the Cohenand Grossberg,Grossberg,and Hirsch
results for designing mixed cooperative-competitive
feedbacksystemswith desired global behavior.
12. STABLE PRODUCTION STRATEGIES
FOR A COMPETITIVE MARKET
The propertiesof adaptationlevelsystemsmayprove
useful in areas far removed from neural networks. To
illustrate this possiblerange, considerthe problem of
how to design a competitive market such that every
competingfirm canchooseone of infinitely many production strategies,eachchoiceis unknown to the other
competitors,yet the marketgeneratesa stableprice and
each firm balancesits books.
Let Xi denote the amount produced by firm i of the
commodity; p(x) denote the market price per item of
the commodity, where X = (Xl' X2,..., Xn); Ci(Xi)denote the cost per item of firm i; and Ai(x) (~ 0) denote
a multiplier chosenby firm i. Let the firms agree to
governtheir individual production plans accordingto
the adaptation level system
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The competitive property of the marketis expressedby
the conditions
ap
aXI

<0,

i=I,2,...,n.

(91)

In order to play this market, each firm comparesits
private cost function with the publicly known market
price. If A;(x) dependsonly on X;, then this is all that
the firm needsto know to determine its production
rate d.x;/dt. If A;(x) depends on amount xi produced
by other firms, then eachfirm needsalso to know how
much the other firms are producing. In either case,no
firm knows the internal strategiesA;(x) and C;(x;) of
the other firms, which can be very complex. Nor does
any firm need to know the function P(x), which can
alsobe verycomplex. All it needsto know arethe values
of P(x(t)) through time, which it can read in a trade
newspaper.
By the adaptationlevelconvergencetheorem, limits
limt-oo P(x(t)) and limt-oo C;(x;(t)) existand are equal.
Thus the market price is stable and every firm breaks
even. If the definition of C;(Xj)also includes a savings
factor, then the savingsfunctions of all the firms would
also be satisfied.
In this generality,the theorem does not say what
firms will get rich. It only saysthat if firms are willing
to play the game, then they can attain some muchvaluedproperties of market stability and predictability.
Just asthe existenceof stableCAM in neural networks
must be supplementedby a mathematicalclassification
theory which determines who, if anyone, will win a
speciallydesignedcompetition, the existenceof a stable
market must be supplementedby an analysis of how
firms should choosetheir strategiesto maximize their
gainsdespiteignoranceof their competitors' strategies.
Before turning to a discussionof some recent specialized architectures,I shall further discusstwo issues
that naturally arise from the precedingtext:
1. Why bother studying shunting interactions? Why
aren't the simpler additive interactions alwayssufficient?
2. Are symmetric coefficientsnecessaryto achievestable learning and memory storage?In Section 11, it
wasnoted that the answeris "no" for CAM systems
whosestorageis in short term memory (STM). The
answeris also well-known to be "no" for associative

learningsystemswhosestorageis in long term
memory (LTM). This is true for networksdesigned
to accomplishassociativepattern learning as well as
for networks designed for spatiotemporal pattern
recognition and planned sensory-motor performance. Some asymmetric associative networks
which arise in adaptive pattern recognition and
adaptive sensory-motor control are discussed in
Sections 16-20.

13. SENSITIVE VARIABLE-LOAD PARALLEL
PROCESSING BY SHUNTING
COOPERATIVE-COMPETITIVE NETWORKS:
AUTOMATIC GAIN CONTROL AND
TOTAL ACTIVITY NORMALIZATION
The value of shunting networks is clarified by their
ability to help overcome one of the problems which
has confronted recent investigators who have been using
additive networks. Amit, Gutfreund, and Sompolinsky
(1987, p. 2294) found spurious memory states in the
additive model that they studied. Their analysis led
them to conclude that "there must be some global control on the dynamics of the network, which prevents
too high or too low activity." In other words, it is important to carefully regulate the network's total activation through time. The importance of this property,
called total activity normalization, has been recognized
in the neural network literature for the past two decades,
and is one of the basic properties of shunting cooperative-competitive networks (Grossberg, I 970b, 1972a,
1973, 1982).
More generally, shunting networks provide a design
for sensitive variable-load parallel processors. Suppose
that the STM traces or activations Xl, X2, ..., Xn at a
network level fluctuate within fixed finite limits at their
respective network nodes. Setting a bounded operating
range for each Xi has the advantage that fixed decision
criteria, such as output thresholds, can also be defined.
On the other hand, if a large number of intermit~ent
input sources converge on the nodes through time, then
a serious design problem arises, due to the fact that the
total input converging on each node can vary wildly
through time. I have called this problem the noise-saturation dilemma: If the Xi are sensitive to large inputs,
then why do not small inputs get lost in internal system
noise? If the Xi are sensitive to small inputs, then why
do they not all saturate at their maximum values in
response to large inputs?
Shunting cooperative-competitive networks possess
automatic gain control properties capable of generating
an infinite dynamic range within which input patterns
can be effectively processed, thereby solving the noisesaturation dilemma. Specialized shunting networks
have been classified in terms of their specific pattern
processing and memory storage properties, thereby
providing a storehouse of networks which serves as a
resource for solving particular computational problems.
Sincf; the design and properties both of feedforward
and feedback shunting networks have been reviewed in
a number of places (Grossberg, 1981, 1982, 1987d),
the present summary considers briefly only the simplest
feedforward and feedback networks to convey some of
the main ideas. First the simplest feedforward network
will be described to illustrate how it solvesthe sensitivity
problem raised by the noise-saturation dilemma.
Let a spatial pattern Ii = (}iI of inputs be processed

,
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by the cells Vi, i = 1,2, ..., n. Each Oiis the constant
relative size, or reflectance,of its input Ij and I is the
variable total input size. In other words, I = LZ=I Ik,
so that LZ-l Ok= 1. How can eachcell Vi maintain its
sensitivityto Oiwhen I is parametricallyincreased?How
is saturation avoided?
To compute Oi= Ii(LZ=1 Ik)-I, eachcell Vimust have
information about all the inputs Ik, k = 1, 2, ..., n.
Moreover, since OJ= Ii(Ij + Lk+i Ik)-l, increasing Ii
increasesOiwhereasincreasingany Ik, k + i, decreases
OJ.Whenthis observationis translatedinto an anatomy
for delivering feedforwardinputs to the cells Vi, it suggeststhat Ij excites Viand that all Ik, k + i, inhibit Vi.
This rule representsthe simplestfeedforwardon-center
off-surround anatomy (Figure 4a).
How does the on-centeroff-surround anatomy activate and inhibit the cells Vivia massaction? Let each
Vj possessB excitable sites of which Xj(t) are excited
and B -Xj(t) are unexcited at eachtime t. Then at Vi,
Ij excites B -Xi unexcited sites by massaction, and
the total inhibitory input Lk+i Ik inhibits Xj excited
sites by massaction. Moreover,excitation Xj can spontaneously decayat a fixed rate A, so that the cell can

return to an equilibrium point (arbitrarily set equalto
0) after all inputs cease.Theserules saythat

-dd

Xj = -AXj

+ (B

-x;}Ij

-Xj

l

L Ik'
k+j

(92)

If a fixed spatial pattern, Ii = OjIis presentedand the
background input I is held constant for awhile, eachXi
approachesan equilibrium value. This value is easily
found by setting dXi/dt = 0 in (92). It is
Xj = 8jA HI
+ I

(93)

Note that the relative activity Xi = Xi(LZ=l Xk)-1equals
8ino matter howlargeI is chosen;thereis no saturation.
This is due to automatic gain control by the inhibitory
inputs. In other words, Lk+i Ik multiplies Xi in (92).
The total gain in (92) is found by writing
(94)

The gain is the coefficientof Xi, namely -(A + I), since
if Xi(O) = 0,
(95)

Both the steadystate and the gain of Xi depend on the
input strengths.This is characteristic of massaction,
or shunting networks but not of additive networks.
Many alternative models cannot retune themselvesin
responseto parametric shifts in background intensity.
The simple law (93) combines two types of information: information about pattern 8j, or "reflectances,"
and information about background activity, or "luminance." In visual psychophysics,the tendency towardsreflectanceprocessinghelpsto explain brightness
constancy,and the rule /(A + /)-1 helpsto explain the
Weber-Fechnerlaw (Cornsweet,1970).
Another property of (93) is that the total activity

(a)

n

X=

(b)

,

FIGURE 4. Two types of on-center off-surround networks: (a)
A feedforward network in which the input pathways define the
on-center off-surround interactions; (b) A feedback network in
which interneurons define the on-center off-surround interactions.

LXk=
k-1

BI

A+I

(96)

is independentof the number of active cells. This normalization rule is a conservation law which says, for
example, that a network that receivesa fixed totalluminance, making one part of the field brighter tends
to make another part of the field darker. This property
helpsto explain brightnesscontrast(Cornsweet,1970;
Grossberg& Todorovic, in press).Brightnessconstancy
and contrast are two sides of a coin: on one side is
Weber-lawmodulatedreflectanceprocessing,as in (93),
and on the othersideis a normalization rule, as in (96).
Equation (93) can be written in another form that
expressesa different physical intuition. If we plot the
intensity of an on-center input in logarithmic coordinates Ki, then Ki = In(Ii) and Ii = exp(Ki). Also write
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the total off-surround input asJ; = Lk+; Iko Then (93)
can be written in logarithmic coordinatesas
1.

K

.(97)

BeKt

A+

i

.1,)
-" =

e'+

xJK,
--"--,,

How doesthe responseXj at Vi changeif we parametrically changethe off-surround input Ji? The answeris
that Xi'Sentire responsecurve to Kj is shifted, and thus
its dynamic range is not compressed.Such a shift occurs, for example,in bipolar cellsof the Necturusretina
(Werblin, 1971)and in a modified form in the psychoacoustic data of Iverson and Pavel(1981). The shift
property saysthat
x;(Ki + S, J.i;1»= x;(K;, J.i;2»

(98)

for all Ki ~ 0, where the amount of shift S causedby
changingthe total off-surround input from ~I> to ~2>
is predicted to be

(~

s = In

A +f2)i

(99)

)

14. PHYSIOLOGICAL INTERPRETATION OF
SHUNTING MECHANISMS AS A
MEMBRANE EQUATION
Equation (92) is a specialcaseof a law that occurs
in vivo; namely, the membrane equation on which
cellular neurophysiology is based. The membrane
equation is the voltage equation that appears in the
Hodgkin-Huxley equations mentioned in Section6C.
This equation embodiesthe classicalelectrical circuit
interpretation (Hodgkin, 1964;Katz, 1966; Plonsey&
Fleming, 1969) which is used to physically interpret
the additive and shunting neural networks.
The membrane equation describesthe voltage V(t)
of a cell by the law

av

Cai"=(V+-

V)g++(V--

V)g-+(VP-

V)gP.

(100)

In (100), C is a capacitance;V+, V-, and V Pare constant excitatory, inhibitory, and passive saturation
points, respectively;and g+, g-, and gPare excitatory,
inhibitory, and passiveconductances,respectively.We
will scaleV+ and V- so that V+ > V-. Then in vivo V+
~ V(t) ~ V- and V+ > VP~ V-. Often V+ represents
the saturationpoint of a Na+ channeland V- represents
the saturation point of a K+ channel. There is also
symmetry-breakingin (100)becauseV+ -VP is usually
much larger than VP -V-. This symmetry-breaking
operation, which is usually mentioned in the experimental literature without comment, achievesan important noise suppressionproperty when it is coupled
to an on-centeroff-surround anatomy.
To seewhy (92) is a specialcaseof (100), suppose
that (100) holds at eachcell Vi' Then at Vi, V= Xi. Set
C = 1 (rescaletime), V+ = B, V- = VP = 0, g+ = Ii,
g- = Lk+i Ik, and gP = A.

The reflectanceprocessingand Weberlaw properties
(93),the total activity normalization property (96),and
the shift property (98) setthe stagefor the designand
classificationof more complex feedforward and feedback on-centeroff-surround shunting networks. Some
results classifying feedforward on-centeroff-surround
networks are reviewedin Grossberg(1981, 1987d).
15. SIGMOID
FEEDBACK, CONTRAST
ENHANCEMENT,
AND SHORT TERM
MEMORY STORAGE BY SHUNTING
FEEDBACK NETWORKS
Feedback additive and shunting networks possess
useful CAM properties that eventually led to the CohenGrossberg model reviewed in Section 9. During the last
few years, many investigators have realized the importance of sigmoid feedback signals for generating effective
pattern processing and CAM properties; (e.g., Ackley,
Hinton, & Sejnowski, 1985; Hopfield, 1984; McClelland & Rumelhart, 1986). The first complete global
analysis which rigorously demonstrated these properties
was provided in Grossberg (1973). There the importance of sigmoid feedback was clarified by classifying
the manner in which different types of feedback signal
functions-linear, slower-than-linear, faster-than-linear,
and sigmoid-transform
input patterns and store th~
transformed patterns in STM. The simplest shunting
on-center off-surround feedback network was chosen
for this demonstration because it possessed the key
properties of: (a) solving the noise-saturation dilemma
by using the interaction between automatic gain control
and on-center off-surround interactions, (b) normalizing or conserving its total activity, and (c) being capable of absolutely stable STM.
This simplest such network is defined by the equations

-d
d

Xi = -AXi

t

+ (B

-xJ[li

+ [(XV]

-Xi[Ji

+

l'[(Xk)],
k+i

(101)

i = 1,2, ..., n (Figure 3b). Supposethat the inputs Ii
and J; acting before t = 0 establishan arbitrary initial
activity pattern (XI(O),X2(O),..., xn(O»before being
shut off at t = O. How doesthe choice of the feedback
signal functionf(w) control the transformation of this
pattern at t -oo?
The answer is schematized in

Table3.
Table 3 displayschoicesof the feedbacksignalfunction f(w) and the corresponding function g(w)
= w-lf(w) which measureshow much f(w) deviates
from linearity at prescribed activity levels w. The network's responses
to thesechoicesare summarizedusing
the functions Xi = Xi(L~=1Xk)-1and x = L~=I Xk.The
relative activity Xi of the ith node computes how the
network transforms the input pattern through time.
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The functions X; play the role for feedbacknetworks
that the reflectances8; in (93) play for feedforwardnetworks. The total activity x measureshow well the network normalizesthe total network activity and whether
the pattern is stored (x( CX)= lim/_a) x(t) > 0) or not
(x( CX)= 0). Variable x plays the role of the total input
I in (93).
Using thesefunctions, (101) can be rewritten as the

linear feedbacksignala perfectchoice for sensorypattern processing?
The answerbecomesclear through considerationof
the total activity variable x(t). In the linear case,(103)
reducesto
(104)

system
(102)

and
(103)

Using system(102)-(103),the following types of results
were proved.
A. Linear Signal: Perfect Pattern Storageand Noise
Amplification
Iff(w) is chosenlinear, as inf(w) = Cw, then g(w)
= C = constant. Hence by (102), all dldt Xj = 0, so
that Xj(t) = constant in responseto an arbitrary initial
pattern Xj(O).This systemthus possesses
a continuum
of nondistorting CAM states.Why, therefore, is not a

Hence such a system either cannot store any pattern
(x( 00) = 0 if B -AC-1 < 0), or it amplifies noise as
vigorouslyas it amplifies signalsif it is capableof CAM
(x(oo) = B -AC-I ifB -AC-I > 0, no matter how
small x(O)> 0 is chosen).This amplification property
generalizesto other models,and challengesthosemodels, suchasthe BSB model (Section9B),whosefeedback
signalsare linear at small activity values.
Equation (102) suggestshow to define slower-thanlinear, faster-than-linear,and sigmoid feedbacksignals
for purposesof pattern processing.Just asa linear f(w)
= Cw generatesa constant g(w) = C, a slower-thanlinearf(w), suchas Cw(D + W)-l,generatesa decreasing
g(w), such as C(D + W)-I; a faster-than-linearf(w),
suchas Cwn with n > I, generatesan increasingg( w),
such as Cwn-l; and a sigmoid f(w), such as Cwn(Dn
+ wn)-l with n > I, generatesa hill-shaped g(w), such
as Cwn-l(Dn + Wn)-l.

TABLE 3

-XjlOQI
f(w)

g(w)

Xj(oo)-ik

Xk«x»

X(oo)=

~kXk(oo

AMPLIFIES'liaiSE

AMPLIFIESfllOISE

L

QUENCHES INOISE

Ii'JOISE
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B. Slower-than-LinearSignal: Pattern Compression
and Noise Amplification
Slower-than-linearsignal functionsf(w) also amplify
noise. Analysis of(102) and (103) showsthat a slowerthan-linear feedbacksignalexertsa compressiveeffect
on the reverberatingactivity pattern which obliterates
all differences between initially active nodes (X;( CX)
= ~)if the network is capableof CAM (x( CX)> 0).
C. Faster-than-LinearSignal: Winner-Take-AIl,
Noise Suppression,and Total Activity Quantization
in an EmergentFinite State Machine
A faster-than-linearsignal function can tell the difference betweensmall and large initial values by amplifying and storing only sufficiently large activities.
Analysis of (102) and (103) shows that a faster-thanlinear signal function amplifies the largestinitial activities so much more than smaller initial activities that
it makesa choice: Only the node with the largestinitial
activity getsstored in STM. This is a remarkableproperty from severalperspectives.
It shows how a very large network of nodes can
quickly choose a winner in a single processingstep
without any search,simply by letting its nodescompete.
Choice networkswere originally designedfor use in the
many applications wherein the computational task is
to choosea winner from noisy data. Feldmanand Ballard (1982) have called this choice property winnertake-all. Platt and Hopfield (1986) have, for example,
mentioned this property in their discussionof errorcorrecting codes.
A faster-than-linear signal function also generates
remarkable normalization and quantizationproperties
in the total activity domain. Combined with the winnertake-all property, the quantization property showsthat
a faster-than-linearsignal function generatesemergent
propertiesof a finite-statemachine,eventhough system
(10 I) is defined by continuous laws. In particular, at
large times, (103) is approximated by the equation
d

di x -x(-A

+ (B -x)g(x)].

(105)

Thus the stored total activity x( 00) is a root of the
equation
A

g(w)=B-=-;

(106)

where both g(w) and A(B -W)-I are increasingfunctions of w. The stored total activity is normalized becausethe roots of(106) are independentof the number
n of competing nodes.
Total activity quantization and noise suppression
supplementthe normalization propertyif the following
hypothesesare satisfied.Supposethat A > Bg(O)and
that there are m roots E1 < E2 < ...<
Em < B of
equation(106).ThentherootsE1,E3,...
areunstable

equilibrium points of x(t), whereasthe roots E2 < E4
< ...are stable equilibrium points of x(t). Root E1
defines the level below which x(t) is treated as noise
and suppressed.Roots E2, E4, ...are stable,quantized, normalized limit values of x( CX).Function g( w)
canalso be chosento equalA(B -w) alongan interval
of values, thereby leading to a continuum of stable
equilibrium values. Thus, one can use system (101)
with a faster-than-linear feedback signal function to
designinfinitely many finite-state machines or continuous energy spectrum machines capable of rapidly
making choices in noise and possessingas many normalized asymptotic activity levelsas one pleases.
D. Sigmoid Signal: Tunable Filter, Quenching
Threshold, Noise Suppression, and Normalization
Although a faster-than-linear signal function suppresses noise, it does so with such vigor that only the
node with maximal initial activity survives in CAM.
In many applications, one needs a spatially distributed
CAM code, albeit one that contrast-enhances and
thereby compresses an input pattern before the transformed pattern is stored in CAM. A sigmoid signal
function generates these properties. Indeed, the classification of signal function properties in (A)-(C) shows
that a signal functionf( w) which suppressesnoise must
be faster-than-linear at small activity values w. In addition, every physical signal function is bounded at large
activity values w, thereby suggestingthe use of a hybrid
signal function which is faster-than-linear at small activities, slower-than-linear at large activities, and thus,
by continuity, approximately linear in between; viz., a
sigmoid signal function (Table 3).
Grossberg (1973) proved that a sigmoid signal function generates a quenching threshold (QT): Activities
less than the QT are suppressed, whereas the pattern
of activities that exceeds the QT is contrast-enhanced
before being stored in STM. Speaking heuristically, the
QT property is a consequence of pattern processing
properties of faster-than-linear and linear signal functions combined with normalization properties in the
total energy domain: The faster-than-linear property at
small activity levels begins to contrast-enhance the input pattern as the total activity shifts due to normalization. As the partially contrast-enhanced activity pattern is normalized, it is influenced by the (approximately) linear range of the sigmoid signal function,
which stores whatever pattern it detects (Table 3), including the partially contrast-enhanced pattern. Thus
a sigmoid signal function can be used to design a noisesuppressing network with infinitely many stable equilibri~m points, representing partially contrast-enhanced, or compressed, input patterns.
Any network that possessesa QT can be adaptively
tuned. By increasing or decreasing the QT, the criterion
of which activities represent functional signals-and
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henceshould be processedand stored in STM-and of
which activities representfunctional noise-and hence
should be suppressed-can be flexibly modified
through time. An increasein the QT can causeall but
the largestactivities to be quenched.Then the network
behaveslike a choice machine. A suddendecreasein
the QT can cause all recently presentedinput signals
to be stored. If a novel or unexpectedevent suddenly
decreasesthe QT, then all recentlypresenteddata can
be stored in CAM until the cause of the unexpected
event can be determined and learned.This property is
important in actively regulatingthe focus of attention
of a neural network sensory processor(Grossberg,

1982).
It cannot be overemphasizedthat the existenceof
the QT and its desirabletuning and CAM properties
follow from the use of a nonlinear sigmoid signalfunction. When these properties were first proved in the
early 1970s,the popularity of linear control models
and of digital serialmodelsin applicationsto intelligent
systemspreventedtheir acceptance,or often eventheir
toleration. The recent popularity of connectionist
models and of Liapunov methods haveturned the obscure into the obvious, which is a sure sign of major
progress.
The QT has been explicitly computed in a special
case(Grossberg, 1973,pp. 355-359). In system(101)
with Ii = Ji = 0, let
f(w) = Cwg(w)

(107)

where C ~ 0, g(w) is increasing for 0 ~ w ~ X(I), and
g(w) = 1 forx(l) ~ w ~ B. Then
nr =

=-

x (I)

B-AC-1.

(lOR)

,---,

Thus all the parametersof the network influence the
QT. An important openproblem is to compute the QT
of more generalcooperative-competitivenetworksthat
arise in computational applications.
In summary, severalfactors work togetherto generatedesirablepattern transformation and STM-CAM
properties:the dynamics of massaction, the geometry
of competition, and the statistics of competitive feedback signalswork togetherto define a unified network
module whose severalparts are designedin a coordinated fashion through development.How sucha network module is self-organizedin vivo is a profound
open problem whose solution is worthy of a major scientific effort. A great deal more mathematical work
will also be neededto fully understandeventhe properties of those shunting and additive networks which
havealreadyarisenin applications.For example,mixed
cooperative-competitivenonlinear feedbacknetworks
have been designedto analyze and predict properties
of emergent v.isual segmentation(Grossberg, 1987a,
1987b; Grossberg& Mingolla, 1985a, 1985b, 1987).
Although the computer simulations of thesenetworks

were guided by previous theorems about competitive
and cooperativenonlinear feedbacknetworks,no global
theoremshave yet beenproved about thesemixed cooperative-competitive feedback networks. The additional insights that suchtheorems are bound to bring
are much to be desired if only because of the great
practical importance of emergentvisual segmentation
in a number of applications.
16. COMPETITIVE

LEARNING

MODELS

Another application of a choice network occurs in
competitive learning models. In the simplest competitive learning model, normalized input patterns pass
through anadaptive filter beforethe maximal filter output is chosenby a winner-take-allnetwork.The winning
population then triggers associative pattern learning
within the vector of LTM traces which sent its inputs
through the adaptivefilter. Sucha competitive learning
model is a particular type of adaptive vector quantization scheme(Gray, 1984) which possessesBayesian
processingproperties(Duda & Hart, 1973).In cognitive
psychology,competitive learningpropertiesare usedto
model categorical perception (Anderson, Silverstein,
Ritz, & Jones,1977;Elman, Diehl, & Buchwald, 1977;
Hary & Massaro,1982;Miller & Liberman, 1979;Pastore, 1981; Sawusch & Nusbaum, 1979; Sawusch,
Nusbaum, & Schwab,1980;Schwab,Sawusch,& Nusbaum, 1981;Studdert-Kennedy, 1980). During categorical perception, input patterns are classified into
mutually exclusive recognition categories which are
separatedby sharp categoricalboundaries. A sudden
switch in pattern classification can occur if an input
patternis deformed so much that it crossesone of these
boundaries.
The developmentof competitivelearning modelswas
achieved through an interaction between results of
Grossberg (1970b, 1972b, 1973) and of Malsburg
(1973), leading in Grossberg(1976a, 1976b) to the
model in severalforms which have subsequentlybeen
further analyzedand applied by a number of authors
(e.g., Amari & Takeuchi, 1978; Bienenstock, Cooper,
& Munro, 1982;Carpenter& Grossberg, 1985, 1987a;
Grossberg, 1982; Grossberg & Kuperstein, 1986;
Rumelhart & Zipser, 1985).Kohonen (1984)hasmade
particularly strong use of competitive learning models
in his work on self-organizingmaps. His important
theorem on the statistical distribution of such maps
extendsto the stochastic casethe Grossberg(1976a)
theorem on the stability of map learning in response
to sparselydistributed input patterns.Kohonen's analysis of the distribution properties of a self-organizing
map in the stochasticcasereflects the property in the
deterministic case that LTM vectors in the adaptive
filter are a time averageof their learned input vectors,
and thus track the distribution of these input vectors
within their convexhull undersuitableconditions. Such
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deterministicanalysesinclude stochasticanalysesin the
sensethat they predict the time course of learning in
responseto arbitrary sequencesof input patterns, including stochasticallycontrolled input patterns. A historical discussion of the development of competitive
learning models is given in Grossberg(1987e).
Although competitive learning modelsare useful in
many situations, their learning becomesunstablein responseto a variety of input environments,as was first
shown in Grossberg(1976a). An effort to understand
howto designan adaptivepattern recognitionand map
learning systemthat could self-stabilizeits learning in
responseto arbitrary input environments led to the
introduction of adaptiveresonancetheory in Grossberg
(1976b). In this theory, competitive learning mechanismsare embeddedin a largernetwork which includes
learned top-down expectationsand other modulatory
mechanismsthat were identified through an analysis
of data concerning perception, cognition, conditioning, attention, event-related potentials, and neurophysiology.
In addition to suggestingmechanistic explanations
of many interdisciplinary data from thesesubjects,the
theory also made a number of predictions which have
since beenpartially supported by experiments.For example, Grossberg(1976b)predicted that both norepinephrine (NE) mechanisms and attentional mechanisms modulate the adaptive development of thalamocortical visual feature detectors. Kasamatsu and
Pettigrew(1976) and Pettigrewand Kasamatsu(1978)
describedNE modulation of feature detectordevelopment and Singer (1982) reported attentional modulation. Grossberg(1978a)predicted a word length effect
in word recognition paradigms. Samuel, van Santen,
and Johnston(1982, 1983)reporteda word lengtheffect
in word superiority experiments. Grossberg (1978a,
1980b)predicted a hippocampal generatorof the P300
event-relatedpotential. Halgren et al. (1980) reported
the existenceof a hippocampal P300 generatorin humans. The existenceand correlations between other
event-relatedpotentials, such as processingnegativity
(PN), early positive wave (PI20), and N200 were also
predicted in thesetheoretical articles (see Banquet &
Grossberg,in press,for further discussion).
The next section describesa number of the key
properties which emergedfrom suchdata analysesand
subsequentmathematical developmentsand computational analysesof Carpenter and Grossberg(1985,
1987a).

17. STABLE SELF-ORGANIZATION OF
PATTERN RECOGNITION CODES
A number of basic computational distinctions can
be used to differentiate neural network architectures
and to clarify the applications for which they are best
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suited. Since a given computational property may be
advantageousfor one application and disadvantageous
for a different application, such a classificationis well
worth keeping in mind.
In this section, I compareand contrastproperties of
the adaptiveresonancetheory (ART) for the stableselforganization of pattern recognition codes with properties of alternative models for the learning of pattern
recognition codes. Since ART was introduced in
Grossberg( 1976b), it has undergonesubstantialdevelopment and analysis.A number of articles which contributed to the theory are brought together in several
books(Grossberg,1982, 1987c,1987d,1988).The discussionherein will be basedupon propertiesof an ART
architecture, called ART I, whose key propertieswere
developed, proved mathematically, and illustrated
through extensivecomputer simulations in Carpenter
and Grossberg(1987a).The architectureand processing
cycle of ART 1 are summarized in Figures 5 and 6.
The main computational distinctions to be discussed
are outlined under separateheadings:

INPUT
PATTERN
FIGURE 5. Anatomy of the ART 1 architecture: Two successive
stages, F, and F2' of the attentional subsystem encode pattems
of activation in short term mel11ory (STM). Bottom-up and topdown pathways between F, and F2 contain adaptive long term
memory (L TM) traces which rrlultiply the signals in these pathways. The remainder of the circuit modulates these STM and
LTM processes. Modulation by gain c:ontrol enables F, to distinguish between bottom-up input patterns and top-down priming, or template, patterns, as well as, to match these bottomup and top-down patterns. GElin control signals also enable F2
to react supraliminally to sign,als frorrl F, while an input pllttern
is on. The orienting subsystem generates a reset wave to F2
when mismatches between bottom-up and top-down patterns
occur at F,. This reset wave selectively and enduringly inhibits
active F2 cells until the input is shut off. (Reprinted with permission from Carpenter

& Gn)ssberg,

1987a, p. 56.)
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A. Real-Time (On-Line) Learning Versus Lab-Time
(Off.;Line) Learning
An ART architecture is designed to run in real-time,
or on-line, when it is implemented in hardware. Various
other architectures can only be run in lab-time, or offline. This is perhaps the most important distinction
that separates neural network architectures. Although
some problems, such as the traveling salesman problem
(Hopfield & Tank, 1985, 1986), can be run off-line,
other problems, such as learning to recognize novel
objects in a rapidly changing environment, must be
solved on-line. Many of the computational properties
which set apart ART architectures from other currently
available learning algorithms are imposed to enable
them to learn and recognize well in real-time.

B. Nonstationary UnexpectedWorld Versus
Stationary Controlled World
Real-time environments ar~ often nonstationary;
their statistical properties can change unexpectedly
through time. In addition, the world does not stop in
a real-time environment. A ceaseless
flow of input patterns of variable complexity can occur. ART architectures are designedto cope with nonstationary worlds
of unlimited complexity. In contrast, many alternative
learning and recognition schemesare off-line models
that work well only in a stationaryworld whoseinputs
are carefully controlled both in number and statistical
properties.The following discussionsharpensthis basic
difference.
C. Self-OrganizationVersusTeacheras a Sourceof
Expected Output
An ART architecture self-organizes its recognition
code, without a teacher, through a direct interaction
with its input environment. Self-organizing networks
contrast sharply with learning networks which require
an external teacher who presents an explicit correct
answer, in the code of the network, for comparison with
every output generated by the network, as in back
propagation. Back propagation uses the Adeline learning rule of Widrow (1962). It is a steepest descent algorithm which was discovered by Werbos (1974), rediscovered and further developed by Parker (1982,
1985, 1986) under the name learning-logic, and popularized and applied to cognitive science applications
by Rumelhart, Hinton, and Williams (1986) under the
name back propagation.
The off-line nature of back-propagation, at least as
it is used in many applications, is illustrated by the fact
that its teaching signals often have no analog with analogous learning experiences in vivo. For example, the
popular NETtaik back-propagation simulation of
Sejnowski and Rosenberg (1986) uses a phoneme-by-

phoneme matching schemethat has no analog during
human real-time learning to read. The use of such a
pre-codedteacheralso has major implications for the
structure of the learned code-notably the invariants
of this code (seeitems F and G below)-and the way
in which matching occurswithin the network (seeitem
H below).
D. Self-Stabilization Versus Capacity Catastrophe
An ART architecture can self-stabilize its learning
in responseto arbitrarily many inputs. New inputs may
either refine the criteria for accessingalready established
recognition codes, or may initiate the learning of a new
recognition code, until the full capacity of the architecture is utilized. Input patterns which cannot refine
prior knowledge, or which are first experienced after
full capacity is utilized, are rejecte~ by the architecture's
self-stabilizing mechanisms.
In architectures which cannot self-stabilize their
learning, later input patterns can wash away the learning
of prior input patterns, leading to an unstable cycle of
learning and forgetting. These architectures include essentially all the classical versions of autoassociators,
competitive learning mechanisms, and steepest descent
algorithms such as back propagation.
Effective use of a non-self-stabilizing architecture
depends upon results which estimate the architecture's
capacity. The capacity estimates the maximum number
of input patterns which the architecture can learn, recognize, or remember. Typically, an autoassociator's capacity is -.15n, where the autoassociator's memory is
defined by an n X n matrix (Anderson, 1983; Hopfield,
1984; Kohonen, 1984; McEliece, Posner, Rodemich,
& Venkatesh, 1980; Psaltis & Park, 1986; Venkatesh,
1986). Thus an autoassociator cannot effectively use
its full capacity. Moreover, if the number of input patterns exceeds this capacity, a capacity catastrophe occurs which renders the architecture's output unreliable.
Such non-self-stabilizing architectures are thus inherently off-line machines whose lab-time world of inputs
is under strict control. In an ART architecture, estimates of capacity playa different role than in an autoassociator or steepest-descentalgorithm, since no catastrophe occurs when the input world contains more
patterns than the architecture can encode.

E. Maintain Plasticity in an Unexpected World
Versus Externally Shut Off Plasticity
An ART architecture retains its plasticity, or ability
to learn, for all time; that is, the parameters which enable its adaptive weights, or long-term memory (LTM)
traces, to learn are not switched off as time goes on.
The self-stabilization property is due to a dynamic
buffering scheme which protects these LTM traces from
changing except during appropriate circumstances.
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learning at just the right time in responseto an arbitrary
input environment. If an effective model of an omniscient teacher is available, however, then a potentially
unstable learning device will not be needed.

F. Self-Scaling ComputationalUnits

I

I

I

FIGURE 6. Search for a correct F2 code: (a) The input pattern I
generates the specific STM activity pattern X at F, as it nonspecifically activates A. Pattern X both inhibits A and generates
the output signal pattern S. Signal pattern S is transformed into
the input pattern T, which activates the STM pattern Y across
F.; (b) Pattern Y generates the top-down signal pattern U which
is transformed
into the template pattern V. If V mismatches I
at F" then a new STM activity pattern X' is generated at F,.
The reduction in total STM activity which occurs when X is
transformed
into X' causes a decrease in the total inhibition
from j~, toA; (c) Then the input-driven activation of A can release
a nonspecific arousal wave to F2, which resets the STM pattern
Y at F.; (d) After Y is inhibited, its top-dow1n template is eliminated, and X can be reinstated at F,. Now X once again generates input pattern T to F., but since Y remains inhibited T
can activate a different STM pattern Y' at F.. If the top-down
template due to Y* also mismatches
I at F" then the rapid
search for an appropriate F. code continues. (Reprinted with
permission

from Carpenter

& Grossberg,

1987a, p. 61.)

Thus, if an unfamiliar eventoccurs at any time in the
future, an ART architecture can learn about it, without
destabilizingits prior knowledge,just so long as it has
not alreadycommitted its full capacityto prior learning.
In contrast, if a non-self-stabilizingarchitecture is
exposedto a never-endingtime-seriesof input patterns,
as in vivo, then it will experiencea fatal capacity catastropheunlessits plasticity is shut off; that is, unless
the parameters of its individual LTM traces are
switched to a no-learning mode by an external or internalized teacher.
Sucha switching-off of plasticity does not work well
in nonstationary environments whose properties are
not predictable in advance.If learning is switched off
too soon,then important latereventscannotbelearned.
Iflearning is switchedoff too late, then important earlier
learning may be washedawaydue to a capacitycatastrophe. An omniscient teacheris neededto switch off

An ART architecture can learn to distinguish arbitrary pairs of input patterns. In contrast, a number of
alternative recognition architecturesdepend upon orthogonality, linear predictability, or other statistical
constraints on input patterns in order to function well.
In order to achievethis property, an ART architecture
self-scales
the processingof its input patterns.Individual
input featuresare automatically givenlessweight when
they occur within more complex input patterns. A side
benefit of this type of feature normalization is that sufficiently small noisychangesin a complexinput pattern
may not force recoding of the pattern.
As a result of the self-scalingproperty, an input feature may be encoded in LTM when it occurs within a
simple input pattern, yet be rejected from LTM when
it occurswithin a complex input pattern. In the former
case,the input feature becomesa critical feature by
being learned by the LTM code that helpsto recognize
the pattern. In the lattercase,the input featurebecomes
a noise elementby being deleted from the LTM code
that helps to recognizethe pattern. This decisiondepends upon the entire history of learning that hasprecededthe presentationof an input pattern which contains the feature. Thus, the concept of critical feature
is an emergentproperty of the network rather than a
property which can be defined solely by choice of an
input filter.
G. Learn Internal ExpectationsVersusImpose
External Costs
An ART architecture learns its own top-down expectationsasa function of the unique input environment to which it is exposed.These expectationsare
emergent internal representationswhich capture invariant statistical properties of the entire input environment. Such learned top-down expectationsare a
key ingredient of ART architectures.They function as
prototypes for an entire recognition category,and apstractly encode the similarity properties which are
shared by all exemplarsof the category.On the other
hand, the manner in which these expectations are
learnedand manipulated setsthem apart from classical
prototypeideas.They mayalsobeinterpretedas "costs"
which the architecture learns for itself, such that different costs are learned in responseto different input
environments (Figure 7). In order to avoid misinterpretations of theseexpectationsdue to suchanalogies
with previous ideas,Carpenterand Grossberg(1987a)
havecalled them critical feature patterns.
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In contrast, architectures which use an external
teacher often representthis teacheras a set of target
patterns, or externally imposed costs. In NETtalk, for
example,the mismatch betweena targetphonemeoutput code and the actual phoneme output code is used
to drive learning at all the model's stages,from the
visual representation of input letters to the auditory
representationof output phonemes.Thus, an auditory
mismatch is used to determine the learned properties
of a visual code. In vivo, by contrast, many objectscan
be visually recognizedbased upon visual invariants,
even if the objects have no names; for example, the
familiar face of a check-outpersonat the supermarket.
The verbal phrase "check-out person" does not determine how we visually recognizesuch a person'sface,
(8)
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any more than we would visually recognizethe same
face differently if the samejob were renamed "cashier
attendant."
In ART, self-organizationof invariant critical feature
patterns can occur within each modality before intermodality transformations between these invariants,
such as betweena visual representationof a face and
an auditory representationof a name, are learned via
associativemechanisms(Grossberg,1978a, 1982).
H. Active Attentional Focusingand Priming Versus
PassiveWeight Change
A top-down learned expectation in ART is actively
matched against bottom-up information (Figure 6).
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FIGURE 7. Alphabet learning: Code learning in response to the first presentation
of the first 20 letters of tlhe alphabet is shown.
Two differel1lt vigilance levels were used, (a) p = .5 and (b) p = .8. Each row represents the total code that is learned after the letter
at the left-hl~nd column of the row is presented at F,. Each column represents the critical feature pattern that is learned through
time by the F2 node listed at the top of the column. The critical feature patterns do not, in general, equal the pattern exemplars
which change them through learning. Instead, each critical feature pattern acts likE! a prototype for the entire siet of these exemplars,
as well as for unfamiliar exemplars which share invariant properties with familiar exemplars. The simulation illustrates the "fast
learning" calse, in which the altered L TM traces reach a new equilibrium in response to each new stimulus. Slow learning is more
gradual

than this. (Reprinted

with permission

from Carpenter

& Grossberg,

1987a, p. 72.)
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This matching processtakesplace within a processing
stage, or level, and can rapidly reorganizethe activations, or short-term memory (STM) traces, that are
computed at the nodes of this stage. In particular, a
toP-downcritical featurepattern canprime a lowerlevel
to get ready for an exemplar from an expectedclassof
input patterns. It can amplify and thereby speed up
processingof an input pattern that belongsto an expected class, while it actively reorganizesthe information processingof this input. A top-down expectation can alsoattenuateprocessingof unexpectedinputs
through a mismatch betweenthe bottom-up input and
the top-down expectation.
In this way,a top-down expectationenablesan ART
architecture to function like an intentional machine
that generatesan active focus of attention. In contrast,
the top-down mechanisms of a teacher-drivenarchitecture such as back propagation does not" directly
prime the system, or focus its attention, or reorganize
its fast information processing.Instead back propagation merely causes slow changes in the bottom-up
adaptive weights of the network (Figure 8).
I. Closing VersusOpening the Fast-SlowFeedback

Loop
The botto~-up and top-down interactions in an
ART architecture closethe feedbackloop betweenfast
activationsat networklevelsand slowerlearnedchanges
in the pathways betweenlevels (Figure 6). This fundamentalpropertyis whatenablesthe ART architecture
to learn stably in real-time. In contrast, back propagationopensthis feedbackloop (Figure 8), which makes
this network easierto understandbut computationally
lessrobust.
J. Expectant Priming VersusGrinding All Memory

Cycles
Due to the closedfeedbackcycle in ART, a top-down
prime that is locked into STM by a large gain control
signal can prevent any input that is not in the expected
recognition category from activating higher levels of
the architecture, much asthe verbalcommand to look
for orangesenablesone to avoid being too distracted
by other objects.
In contrast, an architecture without a top-down expectation capable of actively suppressingmismatched
exemplarswill becomefully engagedby any input patterns that may happento occur.Its memory cyclesmay
thus be so fully engagedby irrelevant inputs when a
crucial eventoccurs that it cannot respond in time.
K. Learning in the Approximate Match Phase
Versus in the Mismatch Phase:Hypothesis Testing
Avoids the Noise Catastrophe
Due to its possessionof learned top-down expectations which actively suppressmismatched input pat-

FIGURE 8. Circuit diagram of the back propagation
model: In
addition to the processing levels F" F2' F3' there are also I,evels
F., Fs, F6' and F7 to carry out the computations
which control
the learning process. The transport of learned weights from
the F2 -+ F3 pathways to the F. -+ Fs pathways show that this
algorithm
feedback

cannot represent a learning process in the brain. All
within the levels F, -+ F2 -+ F3 is expressed through

learning signals which slowly change bottom-up adaptive
weights but do not quickly reorganize the network's fast information processing.

terns while prototypically deforming and amplifying
matched input patterns, an ART architecturelearns in
the approximate match phase. In other words, if an
input patterncausesthe read-outof a learnedtoP-down
expectationwhich matchesit well enoughto preventa
resetevent, then the matching processselectsthe information that is consistentbetweenthe input and the
expectation.If these matched data include novel elements, they are usedto refine the learnedcode of that
recognitioncategory.In otherwords, if the compressed
recognitioncode, or hypothesis,generatedby the input
pattern does not causeresetdue to read-out of its topdown expectation,then the architecture deemsthis input patternto be consistentenoughwith that hypothesis
to refine or update the hypothesisbasedupon any additional information that the pattern may contain. If
resetdoes occur and leads to selection of an uncommitted code, then this code learns a complete representationof the input pattern, which is intuitively reasonablebecausethe pattern could not be assimilated
into any previouslylearned code.
Becausean ART architecture learns in the approximate match stage, it is not degraded by noise fluctuating at its input level. If a noise pattern is very different from its learned codes,the architecture dynam-
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ically buffcrsthesecodesagainstrelearning and selects
an uncommitted code to learn the noise. If the noise
does not repeat itself often enoughand learning proceedsslowly,the noisewill not causesignificantlearning
within the uncommitted code. It will not, in any case,
interfere with the codesof sufficiently differentpatterns
evenif learning proceedsquickly.
Architectureswithout a fast-slowfeedbackloop, such
as back propagati<;Jn,
are designedso that learning occurs in the mismatch mode. Thus if noise can activate
the teacher,or expectedoutput stage,then all the LTM
traces of the architecture can eventually be recoded.
This noisecatastrophecanbe preventedonly if the noise
is infrequentand learningis slow.In ART, evenfrequent
noise is simply treated as a new source of input that
does not endangerthe corpus of previouslylearnedinformation.
Although learning in the mismatchphasecancause
a noisecatastrophein an architecturewhich is designed
to learn a recognition code in real-time, it is a useful
type of learning in a number of alternative situations,
notably during adaptive sensory-motor control (see
Sections18-21).
L. Fast or Slow Learning: The Oscillation
Catastrophe
Another consequenceof learning in the approximate
match phaseis that ART can learn at either a fast or
slow rate. Fastlearning occurs when eachLTM trace
can reacha new equilibrium value on a singlelearning
trial. Successivelearning trials mayor may not cause
the LTM trace to assumedifferent equilibrium values.
Slowlearning mayrequire many trials beforethe LTM
traces reach any equilibrium point of the system.
When learning occurs in the mismatch phase,as in
back propagation, fast learning can causewild oscillations to occur in the network's LTM traces, since
each mismatch can drag the LTM traces to a totally
different region of phasespace.Thus sucharchitectures
must learn slowly, which emphasizes their off-line
character.Contrastthe vivid recollectionof an exciting
movie after one-trial on-line learning in vivo.
M. Self-Adjusting Parallel Memory Searchand
Global Energy LandscapeUpheavalVersusSearch
Trees and Local Minima
Learning in the approximate match phasecould be
disastrous were it not for the existencein ART of a
self-adjusting parallel memory searchthat maintains
its efficiencyas the learned code becomesmore complex. When an input pattern causesread-out of a topdown expectation with which it cannot form an approximate match, the attenuation of activity due to the
mismatch event resets the compressedcode, or hypothesis,that causedthe mismatch (Figure 6c). A par-
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allel memory searchis hereby triggered that rapidly
testsa seriesof suchhypotheses.This hypothesistesting
scheme actively and globally reorganizesthe energy
landscapeof the architecture. In this way,the architecture circumvents the problem of local minima that has
plagued alternative architectures ~uchas autoassociators,simulated annealing,and the Boltzmann machine.
The needto escapelocal minima hasinfluenced the
designof all content-addressablememory and learning
architectures.Architectures which do not possessselfadjusting hypothesistesting schemestypically usetwo
alternative approaches.In autoassociators,simulated
annealing,and the Boltzmann machine, noise is used
to help the classificationto jump out of a local minimum. Sucha schemedoes not globally reorganizethe
energylandscapebasedupon the outcome of active information processing.Insteadthe nonspecificaction of
noise tries to exploit the fact that the local minima of
a fixed energylandscapemay be easierto escapethan
a global minimum, and that a nonspecific external
temperature parametermay be usedto control the rate
of approachto equilibrium.
Steepest-descent
methods,suchas backpropagation,
use a mismatch to drag the system's LTM traces out
of local minima, and do so slowly enough to reduce
the potentially destabilizingeffectsof the oscillation catastrophe.
Traditional AI architectures often include search
trees to escapeerroneous classifications. Although a
searchtree may be efficient at one stageof learning, it
cannot remain efficient at an arbitrary stageoflearning
unless it has a self-adjustingcapability, as in ART.
N. Rapid Direct AccessVersusIncrease of
Recognitionlime with Code Complexity
In ART, as learning self-stabilizesin responseto a
set of input patterns, the search mechanism is automatically disengaged.Thereafterrapid direct accessto
the recognition code occurs in responseto familiar input exemplarsas well as to novel exemplarsthat share
invariant propertieswith familiar input exemplars.Direct accessoccurs becauseread-out of the top-down
expectationof a familiar input pattern alwaysleadsto
anapproximate match (Carpenter& Grossberg,1987a).
Then the initial bottom-up event that led to top-down
readout(Figure 6) cangeneratea resonantrecognition
eventwithout causingreset.Thus an ART architecture
reconcilesthe ostensiblyconflicting demands of direct
accessand search.It usesresetand self-regulatingsearch
to build globally self-consistentrecognitioncodeswhich
avoid local minima in responseto arbitrarily complex
time-series of input patterns. It uses direct accessto
recognize familiar eventswith a speedas fast as one's
hardware can run.
In contrast, an AI architecture with a searchtree
takeslongerand longerto recognizean eventas it needs
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to searchmore and more codes. If this were the case
in vivo, it could take orders of magnitude more time
to recognize our parents when we were 30 years old
than it did when we were 5 yearsold. Fortunately, this
is false.

the classificationof input patterns. In particular, it can
change dramatically the global reorganization of the
energylandscapethat regulatesself-regulating search
and learning by modifying the overallattentiveness,or
sensitivity,of the circuit.

O. AsynchronousVersusSynchronousLearning

Q. Towardsa General-PurposeMachine for
Cognitive Hypothesis Testing,Data Search, and
Classification

In ART 1, each LTM trace oscillates at most once
through time in responseto an arbitrary time-seriesof
binary input patterns (Carpenter& Grossberg,1987a).
Were it not for the architecture's active reorganization
of the energylandscapethrough hypothesistesting,this
remarkable monotonicity property could easilycause
the architecture to learn a local minimum. As it is,
.learningis allowedto occur only whenthe energylandscapereachesa configuration that leadsto an approximate match. Due to these properties, an ART I architecture can learn asynchronouslyor synchronously:
If input patterns come in too quickly to generatean
approximate match or to terminate a search, then no
learning occurs. If the input pattern stays on long
enough for some learning to occur, then it does not
matter too much how long it stays on because,due to
the monotonicity property, the LTM traces will tend
to changein the same direction no matter how long it
stayson.
In contrast, if mismatch drives learning in such a
way that each LTM trace can oscillate persistentlyas
it approachesequilibrium, then variable durations of
the input patterns maydestabilizethe learning process..
The limiting caseof this property is the oscillation catastrophe, which occurs if sufficiently many input patterns stayon long enoughfor LTM tracesto reachequilibrium on each such learning trial.
P. Discriminative Tuning via Attentional Vigilance
Although an ART architecture self-organizesits
learning, it can be tuned by environmental feedback
to learn coarseror finer discriminations; that is, it can
learn to categorizethe same set of input patterns into
largeror smallergroupingsdependingupon how strictly
the
are performance
imposed. demandsof the external.environment
Suchenvironmentalfeedbackactsto changea single
parameter of the network that is called the vigilance
parameter (Carpenter & Grossberg, 1987a).This parameter determines how fine the mismatch between
bottom-up input and top-down expectationmust be in
orderto resetthe code which reads-outthe expectation.
A large vigilance parameterdemandsa high degreeof
match to prevent reset,hencefinely categorizesthe input patterns. A small vigilance parameter tolerates
larger mismatches before forcing reset, hence more
coarselycategorizesthe input patterns.
This tuning parameterdependsfor its existenceupon
the fact that bottom-up and top-down matches occur
as part of the real-time feedbackcycle that determines

.In ART, adaptive pattern recognition is a form of
hypothesisdiscovery,testing,learning,and recognition
in responseto a nonstationaryinput environment.This
property would seemto be essentialfor any cognitive
theory which hopes to understand how ever-morecomplex knowledgeinvariants are discovered,tested,
and recognized,at any level of abstraction.
In particular, future ART machinesmay bedesigned
to learn,search,and classifycomplex hierarchicallyorganizeddata files. The properties of automatic self-stabilization and self-scalingwill be essentialfor such an
architectureto work reliably and quickly on enormous
data bases.The advantagesof such a self-organizing
systembecomegreaterasthe datasetsare chosenlarger,
becausethe decisiontask for hand-sortingso much data
or the discoveryof rules for automatically sorting all
the data, especiallywhen newdata are added later on,
rapidly become unmanageablydifficult as a function
of scale.
The postulatesof ART thus define a classof models
for a broad range of cognitive science applications,
which include examplesthat mayor may not evenpossessan orienting subsystemand search mechanism
(Figure 5), as discussedby Carpenter and Grossberg
(in press).McCl.elland(1987)hasproposedthat models
of this class be renamed the "interactive activation
framework" after the interactive activation model that
wasintroduced by McClelland and Rumelhart (1981)
and Rumelhart and McClelland (1982).The postulates
of the interactive activation model are, however,inconsistentwith those of an ART model. The postulatesof
the interactive activation model have beenabandoned
in favor of ART postulatesbecausetheyare inconsistent
with key cognitive data and possesssome undesirable
computationalproperties,asnoted in Grossberg(1984,
1986,1987e).Since ART was an establishedcognitive
theory (Grossberg,1978a,1980b)beforethe interactive
activation model was published, it seemshistorically
and scientificallyjustified to retain the name Adaptive
ResonanceTheory for such models.
18. INTERNALLY REGULATED LEARNING
AND PERFORMANCE IN NEURAL
MODELS OF SENSORY-MOTOR CONTROL:
ADAPTIVE VECTOR ENCODERS AND
COORDINATE TRANSFORMATIONS
In many re~l-time nonlinear neural network architectures other than ART architectures,learning is reg-
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(a)

ulated by pattern matches and mismatches. For example, learning of intermodality associativemaps between the target position commands of different
sensory-motorsystems(Figure 9a) is gated on and off
by intramodality pattern matchesand mismatches,respectively.These same matching processestransform
automatically such a target position command into a
synchronousmultijoint trajectory which automatically
compensatesfor variable initial positions in a manner
that quantitatively explains a large body of data about
human and monkey arm movements (Bullock &
Grossberg,in press-a).Thus just as in an ART model,
model neural architectures which have beenidentified
for the learning and performance of arm movements
use internal matching processesto regulate both the
fast information processingand the slowerlearning of
the system.
The circuit depicted in Figure 9 schematizeskey
processingstagesin a Vector Integration to Endpoint,
or VITE, circuit. In its simplestform, the VITE circuit
obeysthe equations:
DijJerence Vector
d Vi = a(-Vi + Ti -P;)
di

..

(109)

and

PresentPositionCommand
(110)

(b)
FIGURE 9. (a) Learning in sensory-motor pathways is gated by
a difference vector (DV) process which matches target position
command (TPC) with present position command (PPC) to prevent incorrect associations
from forming between eye-head
TPCs and hand-arm TPCs; (b) A GO signal gates execution of

where [V;]+ = max(V;, 0). Equations (109) and (110)
describea generic component of a target position command (TI, Tz, ..., Tn),a difference vector (VI, Vz,
..., Vn),and a presentposition command (PI, Pz,...,
Pn) in responseto a time-varying velocity command,
or GO signal G(t); seeFigure 9b. The difference vector
computes a mismatch between target position and
presentposition, and is usedto update presentposition
at a variable rate determined by G(t) until the present
position matchesthe targetposition.
Such a schemepermits multiple muscles, or other
motor effectors,to contract synchronouslyeventhough
the total amount of contraction,scaledby T;(O)-P;(O),
may be different for each effector (Figure 10). Unlike
many alternative schemesfor motor control, present
position in (110) is not computed using inflow signals
from the muscles.Rather,it is determined by nonlinear
integration of vectorscomputed by matching an outflowing target position command with feedbackfroin
outflowing presentposition signals.
The VITE circuit is not sufficient in itself to accom-

a primed movement vector and regulates the rate at which the
movement vector updates the present position command. (Reprinted with permission from Bullock & Grossberg, 1987a).
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plish all the tasksrequired of a variable-speedvariableload arm movement system. In concert with several
parallel circuits, however,it can generateflexible and
adaptive trajectories without suffering from the combinatorial explosionsand rigid performance of control
systemswhich preplan an entire trajectory. Herein I
outline someof the adaptive control issueswhich arise
in the designof suchneuralarchitecturesfor movement
control and mention where internal matchingprocesses
regulate their processesof learning and performance.
Quantitative neural networksolutionsto suchproblems
are suggestedby Bullock and Grossberg(in press-a,in
press-b)and Grossbergand Kuperstein (1986).
The computation of a hand or arm's presentposition
illustratesthe complexity of the problem. As mentioned
above,two generaltypes of presentpositionsignalshave
beenidentified in discussionsof motor control: outflow
signalsand inflow signals. Figure II schematizesthe
differencebetweenthesesignalsources.An outflow signal carries a movementcommand from the brain to a
muscle (Figure I Ia). Signals that branch off from the
efferent brain-to-muscle pathway in order to register
presentposition signalsare called corollary discharges
(Helmholtz, 1962;von Holst & Mittelstaedt, 1950).An
inflow signalcarries presentposition information from
a muscleto the brain (Figure II b). A primary difference

betweenoutflow and inflow is that a changein outflow
signalsis triggered only when an observer'sbrain generatesa new movementcommand. A new inflow signal
can, in contrast, be generatedby passivemovementsof
the limb. Both outflow and inflow signalsare used in
multiple waysto provide different types of information
about presentposition. The following summary itemizes some of the ways in which thesesignalsare used
in our theory.
Although one role of an outflow signalis to move a
limb by contracting its target muscles,or motor plant,
the operatingcharacteristicsof the motor plant are not
known a priori to the outflow source. It is not known
a priori either how much the muscle will actually contract in responseto an outflow signalof prescribedsize,
or how much the limb will move in responseto a prescribed muscle contraction. In addition, even if the
outflow systemsomehowpossessed
this information at
one time, it might turn out to bethe wrong information
at a latertime, becausemuscleplant characteristicscan
change through time due to development,aging, exercise,changesin blood supply, or minor tears.(Statedependentand history-dependentplant changesmay
occur on the factory assemblyline or in a freely-moving
robot, no less than in a living muscle.)Thus the relationship between the size of an outflow movement
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FIGURE 10. With equal GO signals, movements of different size have equal durations and perfectly superimposable
velocity profiles
after velocity axis rescaling. (a, b): GO signals and velocity profiles for 20 and 60 unit movements lasting 560 ms. (Reprinted with
permission

from Bullock & Grossberg,

1987a).
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control process generatesadaptively a linear correspondencebetween an outflow movement command
and the amount of muscle contraction evenif the muscle plant is nonlinear. The processwhich matchesoutflow and inflow signals to linearize the muscle plant
responsethrough learning is called adaptivelinearization of the muscle plant.
The cerebellum is implicated by both the theoretically derived circuit and experimental evidenceas the
site of learning. Early cerebellarlearning models were
proposedby Albus (1971), Brindley (1964), Grossberg
(1964, 1969d, 1972b),and Marr (1969). Later models
and experimental support were provided by Fujita
(1982a, 1982b), Ito (1974, 1982, 1984), McCormick
and Thompson(1984), Optican and Robinson (1980),
Ron and Robinson (1973),Vilis and Hore (1986),and
Vilis, Snow, and Hore (1983). The present model introduces new features which are critical to its success
in correcting behaviorally well-characterizedtypes of
movementserrors.
For example, an adaptive gain (AG) stage in our
theory-which is interpreted as a model cerebellumis used by multiple circuits that contribute to both eye
movementand arm movement accuracyand postural
stability. Each of thesecircuits involves different-and
specific-input, output, and error signalpathways,but

(a)

MUSCLE

(b)
FIGURE 11. Both outflow (a) and inflow (b) signals contribute
to the brain's estimate of the limb's present position, but in
different ways.

command and the amount of musclecontraction is, in
principle, undeterminable without additional information which characterizesthe muscle plant's actual
responseto outflow signals.
To establisha satisfactorycorrespondencebetween
outflow movementsignalsand actual musclecontractions, the motor system needs to compute reliable
presentposition signalswhich representwherethe outflow command tells the muscleto move, as well as reliable presentposition signalswhich representthe state
of contraction of the muscle. Corollary dischargesand
inflow signals can provide these different types of information. Grossberg and Kuperstein (1986) have
shown how a match betweencorollary dischargesand
inflow signals can be used to modify, through an automatic learning process,the total outflow movement
signalto the muscle in a way that effectivelycompensatesfor changesin the muscle plant (Figure 12).Mismatchesact as error signals which changethe gain of
the total outflow movementsignal.This automaticgain

FIGURE 12. ~;ome main features of the! muscle linearization
network, or r.~LN: The outflow-inflow
in11erface (011) registers
matches and mismatches between outflow signals and inflow
signals. Mismatches generate error signalls to the adaptive gain
(AG) stage. '.hese error signals changE~ the gain of the conditioned movement signal to the moton,eurons (MN). Such an
MLN adaptively linearizes the responses of a nonlinear muscle
plant to outflow signals. The outflow sigrlals can therefore also
be used as a :source of accurate corollary discharges of present
eye position. (Reprinted
with permission from Grossberg
&
Kuperstein,

1986, p. 136.)
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all of thesepathwaysare mediatedby the sameinternal
AG stagearchitecture. These AG stageresults significantly extend recent data and models concerningthe
cerebellum's role in the conditioning of movements
(Fujita, 1982a, 1982b; Ito, 1984; McCormick &
Thompson, 1984; Optican & Robinson, 1980).For example, push-pull opponent processingof the error signals which governadaptivegain changesat the AG stage
is a novel, and computationally critical, part of this
model. Such an arrangementenablesthe AG stageto
correct undershoot,overshoot,or directionally skewed
eye movementerrors, as well aserrors due to sustained
wearingof curvature-distorting contact lens.
Although adaptive linearization is, like back-propagation,a form of error-drivenlearning in the mismatch
mode, it is not susceptibleto the instabilities of backpropagationbecauseit merely changesthe gains of internal command pathwaysvia internal mismatches.It
does not put at risk the spatial encoding of the commands that activate the pathwaysand is not subjected
to noise fluctuations from the external environment.
Given that corollary dischargesare matched with
inflow signals to linearize the relationship between
muscle plant contraction and outflow signalsize, outflow signals can also be used in other waysto provide
important information about presentposition. As Figure 9 illustrates, outflow present position signals can
then be matched with target position commands to
generatea trajectory with synchronousproperties.Thus
outflow signalsare used in at leastthree ways,and all
of theseways are automatically registered:They send
movementsignalsto targetmuscles;they generatecorollary dischargeswhich are matched with inflow signals
to guarantee linear muscle contractions even if the
muscle plant is nonlinear; and they generatecorollary
dischargeswhich are matched with target position signals to generatesynchronoustrajectories.
Inflow signalsare also used in severalways.One way
has already beenitemized. A seconduseof inflow signals is suggestedby the following gedankenexample.
When you are sitting in an armchair, let your hands
drop passivelytowards your sides. Depending upon a
multitude of accidental factors, your hands and arms
can end up in any of infinitely many final positions. If
you are then called upon to make a precisemovement
with your arm-hand system,this can bedone with great
accuracy.Thus the fact that your handsand arms start
out this movement from an initial position which was
not reached under active control by an outflow signal
does not impair the accuracy of the movement.
Much evidencesuggests,however,that comparison
betweentarget position and presentposition information is usedto move the arms and that, as in Figure 9,
this present position information is computed from
outflow signals. In contrast, during the passivefall of
an arm under the influence of gravity, changesin outflow signal commands are not responsible for the
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changesin position of the limb. Sincethe final position
of a passivelyfalling limb cannot be predicted in advance, it is clear that inflow signals must be used to
updatepresentposition whenan arm is movedpassively
by an external force, even though outflow signalsare
used to update present position when the arm moves
actively under neural control.
This conclusion calls attention to a closelyrelated
issuethat must be dealt with to understandthe neural
basesof skilled movement:How doesthe motor system
know that the arm is being moved passivelydue to an
externalforce, and not activelydue to a changingoutflow command?Sucha distinction is neededto prevent
inflow information from contaminating outflow commands whenthe arm is being activelymoved.The motor systemusesinternally generatedsignalsto makethe
distinction between active movement and passive
movement, or postural, conditions. Computational
gatesare openedand shut based upon whether these
internally generatedsignalsare on or off.
Bullock and Grossberg(in press-a)have suggested
that the GO signal schematizedin Figure 9b helps to
computationally define the postural state. Offset of the
GO signalis hypothesizedto opena learninggate:which
enablesinflow signalsto be adaptivelyrecalibrateduntil
they are computed in the same measurementscaleas
outflow signals(Figure 13).This type of learning occurs

FIGURE 13. A passive update of position (PUP) circuit. An
adaptive path PPC
DV pcalibr,ates PPC-outfiow signals in the
same scale as inflow signals dul'ing intervals of posture. Dulring
passive movements, output from DV equals zero. Hence the
passive difference vector DVp llpdates the PPC until it equals
the new position caused by any passive movements that rnay
occur due to the application of external forces.
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in the mismatch mode, rather than the approximate
match mode, using the mismatch betweenthe coordinate systemsas an error signalto drive the learning
process.Offset of the GO signalis also hypothesizedto
opena gate which enablesan outflow-inflow mismatch
due to a passivemovementto update the outflow present position command (Figure 13).
The circuit which accomplishesboth of theselearning and update functions is called the PassiveUpdate
of Position, or PUP, circuit. The equationsof a typical
PUP circuit are:

PresentPositionCommand

AdaptiveGain Control
~ Zj;= P{ -Bzji + Sj[X;]+},

and
Vector

v = ([xJ+, [X2]+,

Match Gate

11

G(~Sfl=
i-i

(Ill)

Outflow-Inflow Match
(112)

Adaptive Gain Control
d Zj = OGP(-EZj
di
+ [MJ+).

( 113)

Equation (Ill) supplements equation (110) with an
update signal Gp[MJ+ that is turned on only whenthe
passivegating function, or "pauser" signal, Gpbecomes
positive in the passive,or postural, state. Function Zj
in (113) is an LTM trace, or associativeweight, which
adaptively recalibrates the gain of outflow signals Pj
until they are in the samescaleas outflow signals 'Ylj
in (112).
In summary, offsetof the GO signalwithin the VITE
circuit enablesa pausersignal within the PUP circuit
to drive its learning and resetfunctions. Suchpausermodulated learning of mismatchesseemsto occur in
severaladaptive sensory-motorcontrol circuits. For example, Grossbergand Kuperstein(1986)havesuggested
that a pausersignal which definesthe postural state of
the ballistic eye movementsystemenablesa mismatch
signal analogousto Mj in (112) to adaptively recode
the representationof a light-activated target position
command into motor coordinates. This adaptive recoding scheme, which is called the Head-Muscle Interface, or HMI, permits the recodedtarget position to
be matched against the present position of the eye,
which is also coded in motor coordinates. Such a
matching processgeneratesa movementcommand in
the form of a differencevectorwhich measuresthe mismatch between target position and present position,
much as in the VITE circuit of Figure 9.
Typical equations for an HMI circuit are:
Head-MuscleMatch
(114)

.,

[Xn]+)

where
if Ln Sj> 0
j=1

(117)

.n
0 If
L ~ =0
j=1

and [Xj]+ = max(Xj,0). In (114), Ii is the corollary discharge signal that representsthe position of the ith
muscle, Sj is the light-activated representationof the
jth targetposition, zjiis the LTM trace that adaptively
adjusts the gain between Sjand Ii, P is a gating signal
that switches on in the postural mode, and V is the
output vector.Variable Xi in (114)playsthe role ofvariable Mi in (112).
Due to the generalimportance of schemessuch as
the PUP circuit of(III)-(113) and the HMI circuit of
(114)-( 117) for adaptively recalibrating coordinate
systemsusing vector computations, I have called all
schemesof this type Adaptive Vector Encoders.
A third role for inflow signalsis neededdue to the
fact that arms can move at variable velocities while
carrying variableloads.Becausean arm is a mechanical
systemembeddedin a Newtonian world, an arm can
generateunexpectedamounts of inertia and acceleration whenit tries to move novelloads at novelvelocities.
During sucha novel motion, the commanded outflow
position of the arm and its actual position may significantly diverge. Inflow signalsare neededto compute
mismatches leading to partial compensation for this
uncontrolled component of the movement.
Such novel movementsare quite different from our
movementswhen we pick up a familiar fountain pen
or briefcase. When the object is familiar, we can predictively adjustthe gain of the movementto compensate
for the expectedmass of the object. This type of automatic gain control can, moreover,be flexibly switched
on and off using signalpathwaysthat can be activated
by visual recognitionof a familiar object. Inflow signals
are used in the learning process which enables such
automatic gain control signals to be activated in an
anticipatory fashion in responseto familiar objects
(Bullock & Grossberg,in press-b).
19. EXTERNAL ERROR SIGNALS FOR
LEARNING ADAPTIVE MOVEMENT GAINS:
PUSH-PULL OPPONENT PROCESSING
The previous discussionoutlined severalof the types
of learningwherebyinternal mismatchesgenerateerror
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The successof this learning modeldependscritically
upon the hypothesisthat errorsarecorrected in a pushpull, or opponent,fashion(Figure 16).The eyemuscles,
or other effectors,are assumedto be organized in reciprocal push-pull pairs, such as a pair for pulling to
the right (R) and the left (L). Typical learning rules for
such pairs are (expressedfor conveniencein discrete
time (n):
HemifzeldGradient Learning Rule

~SIGNAL

UNCONDITIONED

.

.~

zLi(n + I) = ozLi(n) + [-L(En)]+

(119)

Fractured Somatotopy Learning Rule
PATHWAY

+

FIGURE 14. The representation
of the chosen first light gives
rise 1:0 an unconditioned
movE~ment signal and a conditioned
movement signal. The unconditioned signal causes movements
that are corrected by the conditioned
movement signal via
learning. The conditioned
pathway carries sampling signals
whose strength can be altered by second-light mediated error
signals. These sampling signals give rise to the conditioned
movement signal. The representation
of tht~ first light must be
stored until after the end of the saccade, so that the secondlight Imediated error signal can act. (Reprinted with permission
from Grossberg & Kuperstein, 1986, p. 38.)

signalscapableof adaptivelyrecalibrating a coordinate
systemor adaptivelychangingthe gain of a movement
command. External error signalsare also usedto alter
the gain of a movementcommand. Such error signals
function like an external "teacher." Unlike the hypothetical teachersemployed in many examplesof backpropagation, these error signals correspond to events
which actually occur in the external environment during real-time learning.
Grossbergand Kuperstein(1986)have,for example,
demonstrated how the accuracy of eye movements
which do not successfullyfoveatea light can be improved by usingthe position of the light on the retina
afterthe movementterminatesasan error signal(Figure
14). Such an error signal adaptivelychangesthe gain
of the movement command. Mathematical and computeranalysesdemonstratehowto designsucha system
so that external error signalsdue to nonfoveatedlights
cooperate with internal error signals due to outflowinflow mismatchesto generatemovementscapableof
adaptively maintaining their accuracywithout the intervention of a human teacher(Figure 15).

--t

(118)

and the

PATHWAY

SAMF'LlNG

ZRi(n + I) = OZRi(n)+ [L(En)]+

ZRi(n + I) = [OZRi(n) + L(En)]+

(120)

zLi(n +

(121)

I) = [ozLi(n) -L(En)]+

where in both casesEn representsthe position of the
light error on the nth trial, and L(E,,)is the error signal
by which it drives the learning of adaptivegains.Function L( ",) is assumedto be an increasingfunction of w
~ 0, and to be an odd function of w; viz., L(w)
= -L(-w). Variables ZRiand ZLiare the LTM traces
controlled by the ith command sourceto the right and
left motor effectors.
Due to the push-pull organization of the learning
process,the output signal °R(n) to the right muscle
depends upon the differences ZRi(n)-zLi(n) of these
LTM traces,whereasthe output signal OL(n)to the left
muscle depends upon the differences ZLi(n)-zRi(n).
Such push-pull terms suggesta physicalway to instantiate the types of formal comparisons betweenincrements and baselineterms that havebeenhypothesized
in a number of learning models (Rescorla& Wagner,
1972;Sutton& Barto, 1981).Opponent processinghas
also been assumedto regulate learning in real-time
neural network models of classicaland instrumental
~onditioning (Grossberg,1972a;Grossberg& Schmajuk, 1987).

20. MATCH-INVARIANTS: INTERNALLY
REGULATED LEARNING OF AN
INVARIANT SELF-REGULATING
TARGET POsmON MAP
Among the most important types of problems in
neural network theory are those which concern the
adaptive emergenceof recognition invariants. Many
different types of invariants can be identified; for example, the emergentinvariantsencodedby the critical
feature patterns in an ART architecture enablethe architecture to group all exemplars that share certain
similarity propertiesinto a singlerecognitioncategory.
As in ART, a number of other types of invariants are
learnedthrough a match-regulatedprocesswhich gates
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FIGURE 15. Computer simulation of saccadic error correction model with sampling from a non-invariant target position map using
a siower-than-linear
muscle function and a linear learning function. (a) Topographic distribution of L TM trace, values after learning;
(b) Muscle response function used in the simulation;
(c) Errors in 100 trials before learning begins and 100 trials after learning
ends. Negative values correspond to undershoots and positive values correspond to overshoots. (Reprinted with permission from
Grossberg & Kuperstein, 1986, p. 89.)

on and off the learning mechanismsthat enable individual eventsto be grouped togetheradaptively.I call
such invariants match invariants to distinguish them
from invariants that arise (say)due to a passivefiltering
process,suchas Fourier-Mellin filtering.
Another model of a match invariant processwas
developedby Grossbergand Kuperstein (1986). This
model showshow a matchingprocesswhich definesthe
postural state can regulatethe learning of an invariant
self-regulating target position map in egocentric, or
head-centered,coordinates.This problem ariseswhen

one considershow a visual signal to a moveable eye,
or camerasystem,can be efficiently converted into an
eye-trackingmovementcommand.
To solvethis problem, the positions of lights registered on the retina of an eyeneed to be convertedinto
a head-coordinateframe so they can becompared with
present eye positions which are also computed in a
head-coordinateframe. In orderto convertthe position
of a light on the retina into a target position in head
coordinates, one needs to join together information
aboutthe light's retinal positionwith information about
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is learned arises from its many-to-one property. The
many-to-onepropertyimplies that eachretinal position
and eacheyeposition canactivatemany targetpositions
in head coordinates(Figure 18b). Even after learning
takes place, each pair of retinal and eye positions can
activate many targetpositions in headcoordinates,but
only the correct targetposition should receivethe maximal total activation.
What prevents learning due to one pair of retinal
and eyepositions from contradicting learningdue to a
different pair of positions?In particular, if pairing retinal position R( with eye position £( strengthensthe
pathways from these positions to target position T(,
then why does not future pairing of R( with a different
eye position£2 continueto maximally excite T, instead
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FIGURE 16. Two ways to achieve
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opponent conditioning

of ag-

onist-antagonist
muscles: (a) An error si~lnal increases the
conditioned
gain at the agonist muscle strip and decreases
the conditioned gain at the antagonist muscle strip; (b) An error
signal increases the conditioned
gain at tlhe agonist muscle
strip. Competition between agonist and antagonist muscle strip
outputs causes the decrease in the net antagonist output. (Reprinted with permission from Grossberg & Kuperstein,
1986,
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p.70.)

present position of the eye in the head (Figure 17).
Kuperstein and I suggestedthat this type of transformation is learned. Otherwise, the retinal systemand
the eye position system-which are widely separated
in the brain and designedaccordingto differentinternal
constraints-would haveto be pre-wired with perfectly
chosen parameters for their mutual interaction. We
have shown how sucha transformation can be learned
evenif parametersare coarselychoseninitially and if
significant portions of either system are damaged or
evendestroyed.This type of learningexhibitsproperties
which are of generalinterest in other biological movementsystems,in cognitivepsychology,and in the design
of freely moving robots. I will therefore describe its
major elementshere.
The most important properties of this transformation are that it is many-to-one,invariant, and self-regulating. As Figure 17 illustrates, many combinations
of retinal position and eye position correspond to a
single target position with respectto the head. When a
single target position representationis activated by all
of these possiblecombinations, the transformation is
said to be invariant (Figure 18a).The key difficulty in
understandinghow such an invariant transformation

""-..

-:;"
" /11

/)

~,

FIGURE 17. Many combinations of retinal position and eye position can encode the same target position.
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(a)
TARGET
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RETINAL
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EYE

target positions, yet in combination alwaysmaximally
activate the correct target position?
Finally, the property of self-regulation means that
the map can correct itself evenif a large fraction of the
retinal positions and/or eyepositions are destroyed,or
if their parametersare otherwisealtered through time.
Destruction of a single retinal position eliminates all
the combinations which that position made with all
eye positions to activate target positions. In a similar
fashion,destroyinga singleeye position can disrupt all
target positions with which it was linked. A self-regulating map must thus be able to reorganize all of its
learnedchangesto maintain its global self-consistency
after removalof any of its components.
The self-regulation property is illustrated by the
computer simulation from Grossbergand Kuperstein
(1986) that is summarized in Figure 19. Each row in
Figure 19 depicts learning of target positions correspondingto a different number of retinal and eye positions.More combinations of positionsare represented
in each successiverow. The first column in each row
depicts an intermediate learning stage,and the second
column depictsa late learning stage.The abscissaplots
topographic positions acrossthe retinal and eye positions maps,whereasthe ordinate plots the sizesof the
adaptive path strengths,or learned long term memory
(LTM) traces, in the pathwaysfrom thesemaps to the
target position map. Such a schemeclarifies how the
eye-headtarget position map that is schematized in
Figure 9 may self-organiz~.
The L TM tracesin Figure 19were randomly chosen
beforelearning began.A comparison of panels (b), (d),
and (f) shows that the LTM traces can reorganize
themselveswhen more combinations of positions are
associatedin sucha way asto (approximately)preserve
that part of the map which was learned when fewer
combinations of positions were associated.This selfregulationpropertyalsoholds whenmore combinations
are replaced by fewer combinations, or if the initial
LTM tracesare not randomly chosen(Figure 20).

POSITIONS
(b)

FIGURE 1B. (a) When the many combinations of retinal position
and eye position that correspond to each fixed target position
all activate the same internal representation of that target position in head coordinates, the ensemble of such head coordinate representations
is said to form an invariant map; (b)
Every eye position and retinal position can send signals to
many target position

representations.

of the correct target position correspondingto Rt and
£2? How is a globally consistentrule learned by a network, despitethe fact that all computations in the network are local? How can a target position map be implicitly defined, suchthat eacheye position and retinal
position, taken separately,activatesa large number of

21. PRESYNAPTIC COMPETmON

FOR

LONG TERM MEMORY: SELF-REGULATING
COMPETITIVE

LEARNING

A completemodel of how an invariant self-regulating
target position map can be learned, as well as variants
of this model, are described in Grossbergand Kuperstein (1986). Herein I emphasizeone key point about
the model.
The invariance and self-regulationproperties of the
TPM are due to the fact that all the LTM traceswhose
pathwaysproject to a single TPM cell readjust themselvesin a compensatoryfashionwhenanyone of these
LTM traces changesdue to learning (Figure 18). We
suggested
that the synapticendingsin which theseLTM
tracesare computed contain autoreceptors(Cubeddu,

Nonlinear Neural-Networks

55

ILl

::>
-I

~
~

~

(b)

-

Z

(1)

;I

Z

Z (2)
.II

(1)
12

Z

(2)

.i2

.,
,;
0

w

~
-'
..0
001: 0

>

0
~
",.
t0

-'

0
N.
0

~I
~160

...I

-120

-80

-40

0

40

LEFT
(e)

80

120

160

RIGHT
(f)

FIGURE 19. Expansion of L TM spatial maps due to increase of the number of light positions and I~ye positions being correlated.
The learned LTM values in corresponding
positions agree, thereby illustrating map self-regulation.
Initial values of L TM traces Viere
randomly chosen. (Reprinted with permission from Grossberg & Kuperstein, 1986, p. 246.)

Hoffmann, & James, 1983; Dubocovich & Weiner,
1982;Groves& Tepper, 1983;Groves,Fenster,Tepper,
Nakamura, & Young, 1981;Niedzwiecki, Mailman, &
Cubeddu, 1984; Siever& Sulser,1984;Tepper,Young,
& Groves, 1984). In a network whosecells contain autoreceptivesynapses,when a transmitter is releasedby
one synaptic ending, a portion of it can undergoreuptake via the autoreceptorsof other active and nearby
synaptic endings.Reuptakehas an inhibitory effecton
the LTM trace of each active synaptic ending. Thus
autoreceptorsrealize a type of presynapticcompetition
among all the LTM traces whose pathwaysconverge
upon the same cell within the TPM. Autoreceptors

herebymediatea noveltype of self-regulatingcompetitive learning.
Such an LTM trace obeysan equation of the form:

AutoreceptiveAssociator
d

-

d

n
Z;j = ES;[-Fzij

t

+

GXj -H

L SkZIIj].
k-1

(122)

In (122), Zjjis the LTM trace in the pathway from the
ith cell in the retinotopic map or eye position map to
the jth cell in the TPM; Sjis the signalemitted by the
ith cell into this pathway; and Xjis the activity of the
jth TPM cell. The terms E, F, G, and H are constants.
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FIGURE 20. Same as in Figure 19, except initial values of L TM traces were chosen equal to zero. Note that Ilearned spatial maps
in Figures 19 and 20 agree, thereby illustrating the ability of map learning to overcome noise. (Reprinted 1Nith permission
from
Grossberg

& Kuperstein,

1986, p. 239.)

Equation (122) saysthat reuptakevia autoreceptorsof
a fraction of released transmitter, as in term -H
X LZ=I SkZkj,inhibits the growth of the corresponding
LTM trace.
Match-regulated learning processesalso occur in
applicationsto suchspatio-temporallearningproblems
as speechand languagelearning, and planned sensorymotor control (Grossberg,1982, 1987b; Grossberg&
Kuperstein, 1986).The totality of such known examples illustrate how combinations of internal matching
processesand external error signalsderived from natural real-time environments can regulate stable self-

organizedlearning, recognition, and action in response
to noisy and unpredictable environments.
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